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Abstract

The space of codimension-2 shapes, such as curves in 3D and surfaces in 4D, is an infinite-
dimensional manifold. This thesis explores geometric structures and dynamics on this space,
with emphasis on their implications for physics, particularly hydrodynamics.

Our investigation ranges from theoretical studies of infinite-dimensional symplectic and pre-
quantum geometry to numerical computation of the time evolution of shapes. The thesis
presents four main contributions.

In the first part, we introduce implicit representations of codimension-2 shapes using a class
of complex-valued functions, and prove that the space of these implicit representations forms
a prequantum bundle over the codimension-2 shape space. This reveals a new geometric
interpretation of the canonical symplectic structure on the codimension-2 shape space.

In the second part, we use implicit representations to develop a simulation method for the
dynamics of space curves. To handle chaotic systems such as vortex filaments in hydrodynamics,
we exploit the infinite degrees of freedom, hidden in both the configuration and dynamics of
implicit representations.

In the third part, we introduce new symplectic structures on the space of space curves, which
generalize the only previously known symplectic structure on this space, allowing for new
Hamiltonian dynamics of space curves.

In the fourth part, we apply a symplectic viewpoint to a differential geometric problem with
practical applications. We derive a new area formula for spherical polygons via prequantization.
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CHAPTER 1
Introduction

This thesis explores geometric structures and dynamics on the codimension-2 shape space,
with emphasis on their implications for physics.

Our investigation spans theoretical studies of infinite-dimensional symplectic and prequantum
geometry to numerical computation of the time evolution of shapes.

1.1 Background

Codimensional shapes and physics The history of much of physical science is the history
of the study of shapes. Humans have long sought to describe physical phenomena in terms
of the deformation of shapes. For example, some models—mathematical descriptions such
as equations or rules that aim to replicate nature—express the motion of soap bubbles or
biological cell membranes as the time evolution of surfaces in 3D. These surfaces are called
codimension-1 because they are two-dimensional objects living in three-dimensional space; that
is, the difference between the shape’s dimension and the ambient space’s dimension is one.

Figure 1.1: Evolution of soap bubbles modeled as deformation of surfaces.

Physical phenomena also involve shapes of other codimensions. Consider codimension-0, for
instance: the motion of water droplets or elastic bodies that occupy a full 3D volume, so
the codimension is zero. On the other hand, codimension-2 appears in situations such as
electrically charged particles moving on a surface or tiny balls rolling on a billiard table—here
the objects are zero-dimensional points moving within a 2D domain.

Hydrodynamics, the science of the motions of fluids, namely liquids and gases, provides
particularly interesting examples involving codimension-1 and codimension-2 shapes. A fluid
state is often described as a velocity field over a 3D region like a box. A quantity called
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1. Introduction

vorticity measures how much the fluid velocity is swirling locally. In common situations, 1 the
velocity field can be recovered from the vorticity. Mathematically, this is expressed by the
relation dη “ ω, where η is the velocity field represented as a differential 1-form, and ω is
a differential 2-form representing vorticity. Hence, knowing how vorticity evolves over time
allows us to track how the entire fluid state changes.

This draws our attention back to codimensional shapes. Vorticity often concentrates around
“thin” codimension-1 or codimension-2 objects like surfaces or curves in 3D. This observation
led to idealized models known as vortex sheets and vortex filaments—localizations of vorticity
on surfaces and space curves, respectively. Since velocity can be recovered from vorticity,
tracking the evolution of these shapes effectively tracks the evolution of the whole fluid state,
illustrated as in Figure 1.2. This shows how understanding the time evolution of shapes,
especially those of various codimensions, offers descriptions of physical phenomena.

Figure 1.2: Vorticity of a jet of fluid represented as a collection of space curves (left), inducing
a velocity field which can transport smoke density (right). Simulation and visualaization were
performed using a method presented in Chapter 5.

Among these, codimension-2 shapes are significant in symplectic geometry, a framework for
describing dynamics geometrically. I explain this now.

Symplectic geometry and physics Symplectic geometry is a playground for Hamiltonian
systems, which are descriptions of how physical objects evolve over time while conserving
“energy”. Here, energy—also called the Hamiltonian—is a quantity assigned to the system that
we expect to remain constant in time, like kinetic energy, potential energy, or something more
abstract, depending on the type of phenomenon we want to describe. Rather than tracking
the motion of objects directly, symplectic geometry views such evolution as a path in a static
space of possible physical states.

A key ingredient in this framework is a geometric object called a symplectic structure. It takes
the Hamiltonian as input and outputs a dynamical system on the state space.

Mathematically, this idea is formulated as follows. A symplectic manifold X is a manifold
equipped with a closed and non-degenerate 2-form ω called a symplectic structure. Once we
give the Hamiltonian H as a function on X, the symplectic structure ω generates a vector
field VH on X through the relation dH “ ιVH

ω. Then the Hamiltonian system is the flow
along the vector field VH , that is, solutions to the differential equation Btxptq “ VHpxptqq
where x represents a state of the object as a point of X. Then, the time evolution is a path
on which the Hamiltonian is constant.

The symplectic manifold X here typically represents the collection of all the possible states of
a physical phenomenon. For example, if we consider particles moving in a domain M , then the

1Technically, when the first homology group of the ambient space is trivial.
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1.2. Research projects

space X is the cotangent bundle T ˚Mn, which contains all possible positions and momenta
of n particles. In quantum mechanics, it is often the space of wave functions, representing
all possible quantum states. These spaces are known to be symplectic manifolds, on which
phenomena like celestial mechanics and the Schrödinger equation are modeled as Hamiltonian
systems.

In this way, if the space of possible states is a symplectic manifold, we can model dynamics as
Hamiltonian systems. This setup offers further advantages. For example, the Hamiltonian
is often not the only constant in motion. If the system has symmetries, the symplectic
structure reveals other conserved quantities. For instance, if the Hamiltonian is invariant
under rotations, a quantity often called angular momentum remains constant in time. This
symmetry-to-conservation link is known as Noether’s theorem.

The codimension-2 shape space as an infinite-dimensional symplectic manifold
Earlier, we saw that many physical phenomena can be phrased in terms of the deformation
of codimensional shapes. Among these, the case of codimension-2 stands out, as the space
of codimension-2 shapes is an infinite-dimensional symplectic manifold, equipped with the
so-called Marsden–Weinstein (MW) symplectic structure. We postpone the precise definitions
of these notions to the next chapter.

Many phenomena in fields such as fluid dynamics and elasticity can be modeled as Hamiltonian
systems with respect to the MW symplectic structure. Important examples include vortex
filaments and their localized approximation called the binormal equation. Using the framework
of symplectic geometry, we can study properties of these dynamics, such as conserved quantities,
integrability, periodic orbits, and connections between seemingly unrelated dynamics.

This rich interplay motivates the present thesis to explore the geometric structures and
dynamics on the codimension-2 shape space. By doing so from several angles, the author
hopes to offer a glimpse into the beautiful bridge between shapes and dynamics.

1.2 Research projects

1.2.1 Implicit representations

The first major part of this thesis is concerned with implicit representations of shapes.

A submanifold (mostly synonymous with shape in this thesis 2) in an ambient space M is often
described explicitly as an embedding of a manifold S into M , modulo reparametrizations.

An alternative is the implicit representation. For example, a codimension-1 shape, like a surface
in R

3, can be represented as a preimage of a function, often called the level set function. This
representation naturally extends to higher codimensions using multiple functions. When the
codimension is 2, submanifolds can be expressed as the zero sets of complex-valued functions
(Figure 1.3).

The implicit representation for each codimension-2 submanifold is not unique, as multiple (in
fact, infinitely many) complex-valued functions can share the same zero set. The following
two projects investigate this redundancy of implicit representations.

2Whenever unnecessary, we stay imprecise about whether a submanifold or shape may be an immersion or
must be an embedding, and whether it is parametrized or unparametrized.
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1. Introduction

Figure 1.3: Linked curves, known as the Hopf link (left) and the level sets of a complex
function ψ “ a ` ib consisting of real-valued functions a and b (right). The blue and red
surfaces are zero level sets of a and b respectively. Their intersection, the zero level set of ψ,
agrees with the curves.

Project 1. Implicit representations of codimenion-2 shapes and their
prequantum structures

This part is based on the article [CI25].

Implicit representations via complex functions have been widely applied to study the dynamics
of submanifolds. However, the geometry of the space of these representations is largely
unexplored. In this project, we investigate its geometric structures, focusing on symplectic
geometric aspects.

The non-uniqueness of implicit representations for each shape makes the implicit shape space a
fiber bundle over the space of codimension-2 submanifolds. Our main contribution is showing
that a particular quotient space of this fiber bundle forms a prequantum bundle.

Roughly speaking, a prequantum bundle is a specific kind of fiber bundle over a base symplectic
manifold. Each fiber over a point carries the additional information of quantum phase, in such
a way that Hamiltonian flows on the base manifold are naturally and uniquely lifted onto this
bundle. In this way, a prequantum bundle is a sandbox for quantum mechanics, aligned with
the base symplectic manifold as a sandbox for classical mechanics.

We do not, however, perform any quantum mechanical analysis using this framework. Rather,
we focus on the geometric insights offered by our prequantum bundle. As illustrated in
Figure 1.4, we present a new interpretation of the Marsden–Weinstein form:

Each complex function ψ representing a codimension-2 shape γ carries phase
information ϕ “ ψ{|ψ| P S

1. The level sets tϕ´1psqusPS1 of the phase function ϕ
define a family of hypersurfaces in the ambient space, each bounded by γ. Any
motion of the base shape γ induces motions of these hypersurfaces, which sweep
out volumetric domains. The MW form arises as the curvature of a connection
of our prequantum bundle, which measures the average volume swept by these
hypersurfaces.

In the limiting case where the phase of the complex function is constant everywhere except
for a 2π jump across a single hypersurface, this result reduces to the swept volume of that
hypersurface, without explicit reference to the complex function.

This prequantum viewpoint thus unifies explicit and implicit descriptions of codimension-2
shapes.

4



1.2. Research projects

Figure 1.4: A schematic image of our prequantum bundle. The fiber bundle is the space of
implicit representations (top row) and the base space, referred to as the explicit shape space,
is the space of codimension-2 shapes (bottom row). The tangent vector 9ψ at each implicit
representation ψ can be visualized as the deformation of the phase hypersurface ϕ´1psq, and
the connection form Θ measures the infinitesimal swept volumes of these phase hypersurfaces,
averaged over all the phases. The tangent vector 9γ at each codimension-2 shape γ is a vector
field on γ, representing a velocity of γ. The MW symplectic form ω measures the volume
spanned by the velocity fields 9γ, 8γ and the tangent of γ, integrated over γ. The 2-form ω is
the curvature of the connection form Θ, that is, π˚ω “ dΘ.

Project 2. Hidden degrees of freedom in implicit vortex filaments

This part is based on the article [IWC22].

The deformation of space curves is rooted in several fields like physics, biology, and mathematics,
and has been studied both theoretically and numerically.

In this project, we develop a numerical method for space curve dynamics using implicit
representations. Instead of simulating space curves explicitly, we compute the time evolution
of implicit representations.

Our approach, in particular, exploits the non-uniqueness of these implicit representations in
both their configurations and dynamics. As noted, multiple complex functions share the same
zero level set. Such non-uniqueness also exists in the dynamics. The time evolution of curves
represented by a complex function ψ can be described by the transport of ψ along a vector
field, and the choice of the vector field yielding the same motion of the zero set is not unique.
In fact, there are infinite degrees of freedom within the collection of both possible complex
functions and vector fields.3

Within these redundancies, we can make a specific choice for a particular purpose, such as
improving the robustness of numerical simulation. Specifically, to handle chaotic dynamics like
vortex filaments in fluid dynamics, we introduce untwisted Clebsch variables and non-swirling
dynamics. They successfully reduce the numerical instability, taming the twisting modes
around the filaments.

3Strictly speaking, the infinite degrees of freedom become finite when we perform a finite-dimensional
approximation, a.k.a. discretization, for numerical purposes.
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1. Introduction

Additionally, the level set description by implicit representations inherently supports topological
changes of curves. Built on these features, our resulting method stably simulates the dynamics
of vortex filaments that split and merge (Figure 1.2 and Figure 1.5).

Figure 1.5: Time evolution of vortex filaments undergoing topological changes (left to right),
simulated using our method.

In this project, we do not restrict ourselves to Hamiltonian systems. Our method can
accommodate any first-order dynamics in time. As an example, we simulate the curve
shortening flow, which is not a Hamiltonian flow (energy preserving flow) of the Marsden–
Weinstein structure but rather a gradient flow (energy descent flow) with respect to the
L2-Riemannian metric.

1.2.2 No more symplectic structures?

We now go back to explicit representations of shapes and focus on the space of space curves,
which is the simplest infinite-dimensional instance of the codimenion-2 shape space.

The Marsden–Weinstein (MW) structure is known to be a canonical symplectic structure on
this space. But are there no other symplectic structures? This following project answers this
question.

Project 3. Symplectic structures on the space of space curves

This part is based on the article [BIM24].

We derive new symplectic structures on the space of space curves. These new structures
generalize the MW structure, which was the only previously studied symplectic structure on
this space.

Our approach builds on two key ingredients. First, the MW form ω admits a Liouville 1-form
η, i.e., dη “ ω, and this η can be expressed in terms of the standard L2 Riemannian metric
on the space of space curves. Second, in mathematical shape analysis, many alternative
Riemannian metrics on this space have been developed by integrating a suitable operator on
the tangent bundle of the space.

Motivated by this, we construct new 1-forms by modifying the standard Liouville form with
such operators. Taking their exterior derivatives yields closed 2-forms, and we verify that these
forms are non-degenerate, thus defining symplectic structures.

We then derive Hamiltonian systems induced by these new symplectic structures, as different
symplectic structures ω1 induce distinct Hamiltonian flows V 1

H from the same input Hamiltonian
function H, according to the relation dH “ ιV 1

H
ω1 (Figure 1.6). We also numerically illustrate

simple examples.
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1.2. Research projects

Figure 1.6: Snapshots of a space curve evolving under Hamiltonian flows of the same
Hamiltonian function, but induced by the standard MW structure (left) and different symplectic
structures (middle and right), exhibiting distinct behaviors.

1.2.3 Prequantum geometry for polygons on the sphere

Symplectic and prequantum geometry are frameworks for studying dynamics, but they can
also be useful for purely geometric problems. This project is such an instance. Unlike the
above projects which concerned dynamics and infinite-dimensional manifolds, the following
project deals with a purely geometric, finite-dimensional problem.

Project 4: Area formula for spherical polygons via prequantization

This part is based on the article [BIM24].

In this project, we derive a new formula for the area of spherical polygons via prequantization.
A spherical polygon is a finite sequence of ordered points on S

2, connected by geodesics.
Calculating the solid angle of the region enclosed by such a polygon has practical applications
in fields like fluid dynamics, light transport theory, and geography (Figure 1.7).

The areas of spherical polygons are often computed using a formula based on the Gauss-Bonnet
theorem. However, this formula requires the non-degeneracy assumption, meaning that no two
consecutive points can lie on the same location. This constraint renders the formula unusable
or numerically unstable in certain situations.

Our new formula mimics Green’s formula, which is not directly applicable on S
2 because the

standard area form is not exact. We circumvent this issue using a prequantum bundle. We lift
the area form onto the bundle, where the resulting 2-form becomes exact. This converts an
area integral on S

2 into a line integral on the bundle.

Through this procedure, we derive a formula which is applicable to a wider range of degenerate
spherical curves and polygons.

Figure 1.7: A spherical polygon representing the shape of Austria (left), and a zoomed-in view
(right). Our formula can robustly compute the area of such an intricate shape.
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1. Introduction

1.2.4 Organization of the thesis

Chapters 2–4 are based on the article [CI25].

Chapter 2 reviews the symplectic geometry of codimension-2 shape spaces using the language
of currents from geometric measure theory. This allows a unified description of results for both
the classical setting with explicit representations and the implicit representations developed in
the subsequent chapters.

Chapter 3 introduces implicit representations of codimension-2 shapes using a class of complex-
valued functions. We study the geometry of the space of such representations as a fiber bundle
over the space of explicit representations. In particular, we show that over each codimension-2
shape, the fiber may have multiple connected components indexed by H1

dRpM,Zq, the first
integral de Rham cohomology group of the ambient manifold.

Chapter 4 constructs a prequantum structure over the codimension-2 shape space. We show
that a quotient bundle of the space of implicit representations forms a prequantum G-bundle
with structure group G “ S

1 ˆ H1
dRpM,Zq. As a corollary, we obtain a new geometric

interpretation of the Marsden–Weinstein structure.

Chapter 5 is the content of the article [IWC22]. Using implicit representations, we develop a
numerical method for simulating space curve dynamics. We leverage the infinite degrees of
freedom, hidden in implicit representations of both the configuration and the dynamics. This
results in a simulation method that can handle otherwise numerically instable scenarios like
vortex filaments from hydrodynamics, while automatically processing topological changes.

Chapter 6 is the content of the article [BIM24]. We introduce new symplectic structures on the
space of space curves by modifying the Liouville 1-form of the Marsden–Weinstein structure,
inspired by a recent trend in shape analysis. We also derive the corresponding Hamiltonian
vector fields for several Hamiltonian functions with respect to these new symplectic structures,
and numerically illustrate a few examples.

Chapter 7 is the content of the article [CI24]. We derive a formula for the signed area of a
spherical polygon, which is a piecewise geodesic on S

2. For this purpose, we use a prequantum
bundle. This gives rise to a version of Green’s theorem that translates the area integral on the
base manifold into a line integral along a lifted perimeter in the bundle.

Chapter 8 is independent of the rest of the thesis. I present my thoughts on mathematics,
physics, and computer graphics, which I have developed over the past few years.

Dependencies of chapters Chapter 2 is a prerequisite for Chapter 3 and Chapter 4. The
remaining chapters Chapter 5, Chapter 6, and Chapter 7 are written in a self-contained manner,
so readers can jump directly to any of them. For a deeper understanding, note that Chapter 5
is an application of implicit representations introduced in Chapter 3, and Chapter 6 is a
generalization of the Marsden–Weinstein structure explained in Chapter 2.
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CHAPTER 2
Preliminary: Symplectic geometry on

the space of codimension-2 shapes

Chapter 2, Chapter 3, and Chapter 4 are based on the article:

Albert Chern and Sadashige Ishida. Implicit representations of codimension-2 submanifolds
and their prequantum structures. Preprint. arXiv:2507.11727, 2025

In this chapter, we review basic results on the symplectic geometry of codimension-2 shape
space, as the topics in this thesis revolve around this subject. We first lay out the preliminary
settings for the shape space of codimension-2 submanifolds, and then explain that this space
is a symplectic manifold equipped with the so-called Marsden–Weinstein symplectic structure.

We formulate these known results using currents from geometric measure theory, which are the
continuous dual of differential forms. Currents allow a unified description of both the classical
results reviewed here and the new results for implicit representations that we introduce and
study in Chapter 3 and Chapter 4.

Alongside, we extend a previous result. The existence of a Liouville form η for the MW form
ω (i.e., 1-form η such that dη “ ω) was proven only for space curves. We extend this to a
general closed and oriented codimension-2 manifold, embedded in an ambient manifold of
arbitrary dimension, equipped with an exact volume form.

Dependencies of the other chapters on this chapter The main purpose of this chapter is
to provide an overview of the codimension-2 shape space as an infinite-dimensional symplectic
manifold, formulated using the language of currents. This builds a foundation for Chapter 3
and Chapter 4, where implicit representations of shapes are introduced and studied.

On the other hand, Chapter 5, Chapter 6, and Chapter 7 are written in a self-contained manner
and do not strictly rely on the results and the descriptions in this chapter. Hence the readers
interested in these chapters can directly jump to any of them.

Organization of the chapter In Section 2.1, we review currents from geometric measure
theory and introduce the action of diffeomorphism groups on currents, as well as the Lie
derivative as its infinitesimal generator.
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2. Preliminary: Symplectic geometry on the space of codimension-2 shapes

In Section 2.2, we define the codimension-2 shape space as embeddings of a manifold into an
ambient manifold modulo reparametrization. We do so in terms of diffeomorphism actions
on currents, highlighting that the deformation of a shape can be seen as the transport of a
current along a vector field.

In Section 2.3, we review the Marsden–Weinstein symplectic structure on the codimension-2
shape space. Additionally, we extend the previous result on the existence of a Liouville form
for space curves to a more general setting in arbitrary dimension.

2.1 Diffeomorphism action on currents

We briefly review the notion of currents from geometric measure theory as a preliminary
and define a diffeomorphism action on them. For readers interested in the general theory of
currents, we refer to the literature [Fed14, dR84, Mor08]. Currents are a natural language
for shapes embedded in an ambient manifold as they allow us to treat differential forms,
submanifolds, and their generalizations in a unified manner. Using currents, we will describe
relations between quantities defined on an ambient manifold and a submanifold (possibly with
a boundary). This includes, for example, the flux of a vector field through a surface, and a
superposition of the fluxes through infinitely many surfaces.

Let M be an oriented m-dimensional manifold and Ωk
c pMq be compactly supported differential

k-forms. We say k-currents DkpMq, also denoted by Ωk
c pMq˚, are linear functionals on Ωk

c pMq
that are continuous in the sense of distributions. For details, see [CSdR12, Alb06] for example.

We note that Ωm´kpMq Ă DkpMq via

xh, αy :“

ż

M

h ^ α, h P Ωm´kpMq, α P Ωk
c pMq. (2.1.1)

The space of differential forms Ωm´kpMq is strictly smaller than the space of current DkpMq,
but DkpMq is attained as the closure of Ωm´kpMq with respect to the locally convex topology.
Keeping this in mind, we will formally write

ş
M
h^α also for h in DkpMq but not in Ωm´kpMq

as if h was a m ´ k form.

For h P DkpMq, we define the boundary operator Bk : DkpMq Ñ Dk´1pMq by

xBkh, αy :“ xh, dk´1αy, @α P Ωk
c pMq

using the exterior derivative dk´1 : Ωk´1pMq Ñ ΩkpMq. Unless necessary, we will simply
write B for Bk and d for dk. Notice that B works for h P Ωm´kpMq Ă DkpMq as the exterior
derivative d up-to sign change with sgn “ p´1qm´k`1,

sgn d : Ωm´kpMq Ωm´k`1pMq

B : DkpMq Dk´1pMq.

Ą Ą

We say that the current homology, which is the dual of de-Rham cohomology, is defined by

HCR
k pMq :“ ZCR

k pMq{BCR
k pMq

where ZCR
k pMq “ ker Bk and BCR

k pMq “ im Bk`1.
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2.1. Diffeomorphism action on currents

2.1.1 de Rham-Dirac currents

We call a special class of currents de Rham-Dirac currents (or simply de Rham currents).
These currents extend the Dirac measures for points (codimension-m geometry) to other
codimensions. For a k-dimensional submanifold Σ of M possibly with a boundary, we define a
k-de Rham current δΣ P DkpMq by

xδΣ, αy “

ż

Σ

α, α P ΩkpMq.

We denote the collection of de Rham-k current by DdR
k pMq.

The boundary operators B for the de Rham currents and for submanifolds commute with the
mapping of submanifolds to currents i.e., BδΣ “ δBΣ as

xBδΣ, αy “

ż

Σ

dα “

ż

BΣ

α “ xδBΣ, αy, @α P ΩkpMq.

We will also formally write this as
ż

M

δBΣ ^ α “

ż

M

δΣ ^ dα

with the mind of (2.1.1).

Remark 2.1.1. de Rham currents can be defined from rectifiable sets on M , which form a
much broader class containining submanifolds and singular chains of M [Mor08]. We focus
on the ones induced from submanifolds as it suffices for our purpose.

2.1.2 Orbits under diffeomorphism groups

We represent unparametrized shapes by currents and describe the deformation of shapes in
terms of diffeomorphism actions. To do so, we define the action of diffeomorphism groups on
currents and the Lie derivative as its infinitesimal generator.

Let us denote by DiffpMq the space of diffeomorphisms over M . For each f P DiffpMq,
we define the action f˚ : DkpMq Ñ DkpMq by pushforward as the adjoint of pullback
f˚ : ΩkpMq Ñ ΩkpMq,

xf˚h, αy :“ xh, f˚αy, h P DkpMq, α P ΩkpMq.

For h P Ωm´kpMq Ă DkpMq, the pushforward action f˚ on h as a current agrees with the
pullback action f´1˚ on h as a differential form. For a de-Rham current δΣ P DdR

k pMq, we
have f˚δΣ “ δf˝Σ. Note also that f˚ and B commute similarly to the commutativity between
d and f˚ for differential forms.

On an orbit O under the DiffpMq-action by pushforward, the tangent space is 1

ThOpMq “ t´Lvh | v P diffpMqu. (2.1.2)

1When the orbit O does not carry a manifold structure, the tangent space at a current h is defined only
formally as the image of fundamental vector field mapping of the DiffpMq-action. If h is a de Rham current
of an embedded submanifold, O is a manifold.
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2. Preliminary: Symplectic geometry on the space of codimension-2 shapes

Here, diffpMq is the Lie algebra of DiffpMq, which is the space of smooth vector fields on M ,
and we say that Lie derivative Lv : DpMq Ñ DpMq for currents is the skew-adjoint of the Lie
derivative for differential forms,

x´Lvh, αy :“ xh,Lvαy, α P ΩkpMq.

The minus sign of ´Lvh in (2.1.2) expresses the feeling of advection of h along the velocity
field v by the formal transport equation Bth ` Lvh “ 0. Similarly to differential forms, we
have Lru,vsh “ LuLvh ´ LvLuh for currents, which can be verified by direct computation.

Lastly, we have a current analogy of the relation Luα “ d
dt

ˇ̌
t“0

Fltu
˚
α for differential forms

where Fltu P DiffpMq is the time-t flow map of u P diffpMq defined as the solution to the
ODE,

BtpFltupxqq “ upFltupxqq, x P M

Fl0u “ idM .

For a current h, we have ´Luh “ d
dt

ˇ̌
t“0

Fltu˚h as

d

dt

ˇ̌
ˇ
t“0

xFltu˚h, αy “
d

dt

ˇ̌
ˇ
t“0

xh,Fltu
˚
αy “ xh,Luαy “ x´Luh, αy, @α P ΩkpMq.

2.1.3 Currents as functionals on the space of vector fields

In later sections, we will consider fluxes of vector fields through possibly infinitely many
hypersurfaces. Currents provide a natural description for this.

Let diffpMq and sdiffpMq denote the spaces of smooth vector fields and divergence free-vector
fields on M equipped with a volume form µ. They are Lie algebras of DiffpMq and SDiffpMq,
the groups of diffeomorphisms and volume-preserving diffeomorphisms on M . Let us also
define exdiffpMq, a subspace of sdiffpMq, consisting of exact divergence-free vector fields,
that is, ιuµ is exact.

Definition 2.1.2 (Flux for m´ 1 currents and exact m´ 2 currents). For h P Dm´1pMq, we
say that the flux of a vector field u P diffpMq through h is

Fluxm´1ph, uq :“ xh, ιuµy.

For β P BCR
m´2pMq, we say that the flux of v P exdiffpMq through β is

Fluxex
m´2pβ, vq :“ Fluxm´1ph, vq

with any h P B´1β Ă Dm´1pMq.

By design Fluxex
m´2 is independent of the choice of h in B´1β. Via the notion of flux, we can

now regard m ´ 1 and exact m ´ 2 currents as linear functions on diffpMq and exdiffpMq.

For a de Rham current δΣ P DdR
m´1pMq, Fluxm´1pδΣ, vq is indeed the flux of v through Σ.

But this notion of flux does not require h to be a de Rham current. For example, h may be
a formal infinite sum of de Rham currents representing infinitely many hypersurfaces. This
observation plays an important role when we consider a Liouvile form for a symplectic structure
on the space of implicit representations in Section 4.2.
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2.2. The space of codimension-2 shapes

2.2 The space of codimension-2 shapes

This section provides a preliminary review of the space of explicit representations for codimension-
2 shapes, namely, embeddings of an n-dimensional manifold S into an pn ` 2q-dimensional
ambient manifold M . We revisit earlier work on the canonical symplectic structure on this
space, the Marsden-–Weinstein (MW) structure, as studied in [MW83, HV03, Tab17, PCK`19].
Our presentation is framed in terms of currents, which will play a central role in the next
section when we introduce implicit representations (Chapter 3) and relate them to the explicit
framework.

In addition, we obtain new results (Theorem 2.3.3, Theorem 2.3.6): the MW structure on the
codimension-2 shape space is exact if the volume form µ of the ambient manifold is exact.
This extends earlier results for closed curves in R

3 [Tab17, PCK`19] to a broader class of
submanifolds in arbitrary dimensions.

We conclude this section by considering the shape space of all codimension-2 submanifolds.
That is, we allow the submanifold S to range over all oriented and closed n-manifolds, rather
than fixing one S in advance. This broader viewpoint naturally leads to the introduction of
implicit representations in the next chapter.

2.2.1 Spaces of parametrized and unparametrized codimension-2
submanifolds

We begin with the case where the dimension of the ambient manifold is greater than 2,
postponing remarks on the 2-dimensional case to the end of this section. Let m ą 2, and let
M be an m-dimensional manifold equipped with a volume form µ. Let S be a closed (i.e.,
compact and without boundary), oriented manifold of dimension n “ m ´ 2.

Consider the space of smooth embeddings

EmbpS,Mq :“ tγ̃ P C8pS,Mq | rankpdγ̃q “ n, γ̃psq “ γ̃ps1q ñ s “ s1u,

which is an infinite dimensional manifold with the Fréchet topology [BBM14, Mic19]. Its
tangent space at each γ̃ P EmbpS,Mq is given by sections of the pullback bundle:

Tγ̃ EmbpS,Mq “ Γpγ̃˚TMq.

That is, a tangent vector 9̃γ P Tγ̃ EmbpS,Mq assigns to each point s P S a vector 9̃γpsq P Tγ̃psqM .
When M “ R

m, the tangent space Tγ̃ EmbpS,Rmq is identified with C8pS,Rmq.

On EmbpS,Mq we define a right action of the orientation-preserving diffeomorphism group
Diff`pSq representing reparametrizations. Taking the quotient by this action, we obtain the
shape space of unparametrized shapes :

UEmbpS,Mq :“ EmbpS,Mq{ Diff`pSq.

The space UEmbpS,Mq is also referred to as the nonlinear Grassmannian of type S [HV03].

Note that Diff`pSq may have multiple connected components. For example, if S “
Ůk1

i“1 S
2 \Ůk2

i“1 T
2, then Diff`pSq is isomorphic to the semi-direct product of Diff`pS2qk1 ˆ Diff`pT2qk2

and the symmetric groups Sympk1q ˆ Sympk2q. The operation of permuting identical copies
of S2 or T2 is included in Diff`pSq.
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2. Preliminary: Symplectic geometry on the space of codimension-2 shapes

The shape space UEmbpS,Mq is an infinite-dimensional manifold [BBM14]. In what follows,
we denote an element of UEmbpS,Mq by γ and any representative of γ by γ̃ P EmbpS,Mq.

With the fibration π : EmbpS,Mq Ñ UEmbpS,Mq the tangent space is written as

Tπpγ̃qUEmbpS,Mq “ dπ|γ̃pTγ̃EmbpS,Mqq.

Note that ker dπ|γ̃ “ dγ̃pdiffpSqq where diffpSq is the space of smooth vector fields on S,
which is the Lie algebra of Diff`pSq. Hence ker dπ consists of the components of tangent
vectors which do not change the shape of γ.

Example 2.2.1 (Tangent space at a unparametrized space curve). When S “ S
1 and M “ R

3

equipped with the standard Euclidean metric, we have ker dπ|γ̃ “ taBsγ̃ | a P C8pSqu. Hence
TγUEmbpS,Mq “ t 9̃γ ` dγ̃ diffpSq | 9̃γ P Tγ̃EmbpS,Mqu is identified with t 9̃γ : S Ñ R

3 |
9̃γpsq K Bsγ̃psq, @s P S

1u, vector fields on γ̃pSq that are everywhere perpendicular to the
tangent vector Bsγ̃.

We now define a left action of DiffpMq on UEmbpS,Mq by

f ▷ γ “ πpf ˝ γ̃q, f P Diff0pMq, γ P UEmbpS,Mq

where π is the projection π : EmbpS,Mq Ñ UEmbpS,Mq and γ̃ P π´1γ is any parametrization
of γ.

Each connected component of UEmbpS,Mq is an orbit of the action of Diff0pMq, the
connected component of DiffpMq containing idM . This is a classical result due to Thom
(see, e.g., [Hir12]). Consequently, any tangent vector 9γ P TγUEmbpS,Mq can be written
as 9γ “ v ˝ γ :“ dπ|γ̃pv ˝ γ̃q for some v P diffpMq. With this in mind, we will restrict our
attention to a single Diff0pMq-orbit in UEmbpS,Mq, denoted by O.

In fact, the action by the subgroup SDiff0pMq Ă Diff0pMq of volume-preserving diffeomor-
phisms is transitive on each Diff0pMq-orbit in UEmbpS,Mq [HV03, Proposition 2]. Much
of the theory in this section remains the same after restricting the diffeomorphism group
Diff0pMq to SDiff0pMq and the space diffpMq of vector fields to the space sdiffpMq of
divergence-free vector fields.

Remark 2.2.2 (Labeled and unlabeled shapes). There are two standard definitions of un-
parametrized shapes UEmbpS,Mq. One defines UEmbpS,Mq as the quotient of EmbpS,Mq
by the orientation-preserving diffeomorphism group Diff`pSq, and the other uses Diff0pSq,
the connected component in DiffpSq containing the identity map [BBM14].

The quotient by Diff0pSq retains labels on identical components of the same shape. For
example, if S “ S

1 \ S
1, then two embeddings γa “ pγ1, γ2q and γb “ pγ2, γ1q, with non-

intersecting embeddings γ1 and γ2 of S1, represent distinct elements in EmbpS,Mq{ Diff0pSq
but the same element in EmbpS,Mq{ Diff`pSq.

In this thesis, we consider unlabeled shapes, defined as EmbpS,Mq{ Diff`pSq. This convention
better aligns with the implicit representations of shapes introduced in Section 3.2 (See also
Remark 3.2.1). However, we note that the theorems and propositions in this section hold
under both definitions.
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2.3. Symplectic structure on the codimenion-2 shape space

2.2.2 Shapes as de Rham currents

Since the shape space UEmbpS,Mq is a subset of the space of pm´ 2q-dimensional submani-
folds in M , there is a natural injection into the space of de Rham currents:

I : UEmbpS,Mq Ñ DdR
m´2pMq

γ ÞÑ δγ.

We denote the image of I by DUEmbpS,Mq, and for a Diff0pMq-orbit O Ă UEmbpS,Mq, we
write DO :“ IpOq.

The tangent space at δγ P DO is given by the pushforward of the tangent space at γ:

Tδγ
O “ dI|γ pTγOq .

More explicitly,

dI|γ : 9γ “ v ˝ γ ÞÑ ´Lvδγ, for some v P diffpMq,

where Lv denotes the Lie derivative in the sense of currents, as defined in Section 2.1.2.
Therefore, the tangent space at δγ is

Tδγ
DO “ t´Lvδγ | v P diffpMqu.

Note also that the injection I commutes with the Diff0pMq-action in the sense that f˚I “ I˝f
for all f P Diff0pMq, as discussed in Section 2.1.2. In the remainder of the chapter, we
will occasionally identify O with DO, and UEmbpS,Mq with DUEmbpS,Mq, and their tangent
bundles, without explicitly stating so.

2.3 Symplectic structure on the codimenion-2 shape

space

The space O – DO is a weak symplectic manifold. That is, it is equipped with a closed and
weakly non-degenerate 2-form. The Marsden–Weinstein (MW) form on O is given by

ωδγ
p 9δγ, 8δγq “ xδγ, ιvιuµy “

ż

γ

ιvιuµ, (2.3.1)

where 9δγ “ ´Luδγ and 8δγ “ ´Lvδγ for vector fields u, v P ΓpTMq. When convenient, we
also write ωγp 9γ, 8γq :“ ωδγ

p 9δγ, 8δγq for 9γ “ u ˝ γ and 8γ “ v ˝ γ.

The MW form ω is closed and weakly-nondegnerate in the sense that the associated flat
operator

5ω : TO Ñ T ˚O

9γ ÞÑ ι 9γω

is injective. In this chapter and the next few chapters, we refer to such weak symplectic forms
simply as symplectic. For background on weak symplectic geometry, we refer the reader to
[Mic84, Chapter VI] and [BIM24, Appendix A].

15



2. Preliminary: Symplectic geometry on the space of codimension-2 shapes

On the parametrized shape space Õ :“ π´1pOq, where π : EmbpS,Mq Ñ UEmbpS,Mq is
the natural projection, the pullback 2-form ω̃ :“ π˚ω P Ω2pÕq is written as

ω̃γ̃p 9̃γ, 8̃γq “

ż

S

µp 9̃γ, 8̃γ, Bs1
γ̃, . . . , Bsn

γ̃q ds1 . . . dsn

in local coordinates s “ ps1, . . . , snq on S. From this expression, we see that ω̃ has a nontrivial
kernel consisting of infinitesimal reparametrizations, that is, ker ω̃|γ̃ “ ker dπ|γ̃ “ dγ̃pdiffpSqq
at each γ̃ P Õ. Thus, ω̃ is not symplectic, but merely presymplectic i.e., a closed 2-form.

Example 2.3.1 (MW structure on the space of space curves). On the space of space
curves UEmbpS1,R3q where R

3 is equipped with the standard Euclidean volume form µ “
dx1 ^ ¨ ¨ ¨ ^ dx3, the MW form takes the expression

ωγp 9γ, 8γq “

ż

S1

detpBsγ̃, 9̃γ, 8̃γq ds,

where γ̃ P EmbpS,Mq is any parametrization of γ P UEmbpS,Mq and the integrand denotes
the determinant of the 3 ˆ 3 matrix whose columns are the vectors Bsγ̃psq, 9̃γpsq, and 8̃γpsq
in R

3. Note that ker ω̃|γ̃ consists of infinitesimal reparametrizations of the form aBsγ̃ with
a P C8pS1q, corresponding to tangent vector fields along the curve γ viewed as a submanifold
of R3.

2.3.1 Hamiltonian vector fields

For a function H : O Ñ R with dH P im 5ω, the Hamiltonian vector field XH P ΓpTOq with
respect to the MW form ω is the unique vector field satisfying

dH “ ιXH
ω

and the Hamiltonian system is the flow along XH. That is,

Btγ “ XHpγq.

Example 2.3.2. On UEmbpS1,R3q where R
3 is equipped with the standard Euclidean metric,

the length function as the Hamiltonian yields the binormal equation,

Btγ “ Dsγ ˆ D2
sγ. (2.3.2)

The right-hand side is understood as dπ|γ̃pDsγ̃ ˆ D2
s γ̃q with fibration π : EmbpS1,R3q Ñ

UEmbpS1,R3q and any parametrization γ̃ P π´1pγq, where Ds “ Bs{|Bsγ̃| is the derivative
with respect to the arc-length parameter.

More generally, on UEmbpS,Rmq with an oriented closed n-manifold S, choosing the n-
dimensional volume of γ as the Hamiltonian H yields the Hamiltonian vector field XH as
the mean curvature normal on the submanifold γpSq, rotated by 90 degrees in the normal
bundle NγpSq [HV03, Khe12]. While the binormal equation (6.4.2) is known to be an infinite-
dimensional integrable system forming a KdV-type hierarchy [CKPP20], the integrability of its
higher-dimensional analogues remains less understood.
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2.3. Symplectic structure on the codimenion-2 shape space

2.3.2 Liouville form

On a symplectic manifold, a Liouville form is a 1-form whose exterior derivative equals to
the symplectic form. Previous work [PCK`19, Tab17] showed that the MW structure ω on
the space of space curves UEmbpS1,R3q is exact by providing an explicit Liouville form. The
1-form η defined by

ηγp 9γq “
1

3

ż

S1

detpγ̃, 9̃γ, Bsγ̃q ds (2.3.3)

where γ̃ is any parametrization of γ, satisfies ω “ dη.

A natural question is to consider its higher-dimensional generalization. However, the proof in
[Tab17] relies on integration by parts using an explicit parametrization of S1, which does not
directly extend to higher dimensions.

Here, we present a new result for a generic closed and oriented n-dimensional manifold S and
M “ R

m equipped with the Euclidean volume form µ “ dx1 ^ . . . ^ dxm (Theorem 2.3.3),
and then extend it to a slightly more general setting (Theorem 2.3.6).

For 9δγ “ ´Luδγ P Tδγ
DO, define

ηδγ
p 9δγq “

1

m
xδγ, ιuιxµy “

1

m

ż

γ

ιuιxµ. (2.3.4)

This 1-form (2.3.4) admits an explicit representation analogous to (2.3.3):

ηγp 9γq “
1

m

ż

S

detpγ̃, 9̃γ, Bs1
γ̃, . . . , Bsm´2

γ̃q ds1 . . . dsm´2

where 9γ “ u ˝ γ and s “ ps1, . . . , snq is local coordinates.

Theorem 2.3.3 (Liouville form on R
m). Suppose that R

m is equipped with the standard
volume form µ “ dx1 ^ ¨ ¨ ¨ ^ dxm. Then we have dη “ ω.

A special case of Theorem 2.3.3 for EmbpS1,R3q is given in [Tab17, Proposition 2.1], where
the proof is based on integration by parts using an explicit parametrization of a space curve.

However, this approach does not extend to the general setting EmbpS,Mq unless S admits
an explicit global parametrization, such as S “ T

n. In contrast, we prove the general case of
Theorem 2.3.3 in a parametrization-free fashion.

We formulate the proof using currents, as this computational routine will be reused throughout
the present and the next chapters. To that end, we introduce an auxiliary result. First, note
that each vector field u P ΓpTMq induces a vector field Xu on the Diff0pMq-orbit DO in
Dm´2pMq, defined by

Xupδγq “ ´Luδγ.

In other words, Xu is the fundamental vector field associated with the Diff0pMq-action on
DO, since ´Luδγ “ d

dt

ˇ̌
t“0

Fltu˚δγ, where Fltu P Diff0pMq is the time-t flow of u on M (see
Section 2.1.2). This defines the following homomorphism;
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2. Preliminary: Symplectic geometry on the space of codimension-2 shapes

Lemma 2.3.4. Let D̂ be a Diff0pMq-orbit in the space of k-currents DkpMq. Then the map

ΓpTMq Ñ ΓpT D̂q

u ÞÑ Xu

is a Lie algebra homomorphism. That is, for u, v P ΓpTMq, we have

rXu, Xvs “ X ru,vs.

Proof. To compute rXu, Xvs “ LXuXv, we use the formula for the Lie derivative:

LXuXvphq “
d

dt

ˇ̌
ˇ
t“0
DΦ´t

Xu

“
XvpΦt

Xuphqq
‰
, h P D̂.

Here Φt
X : D̂ Ñ D̂ denotes the flow map on D̂ along a given vector field X P ΓpT D̂q, defined

by the ODE

d

dt
pΦt

Xphqq “ XpΦt
Xphqq,

Φ0
X “ idD̂

and DΦt
X |h : ThD̂ Ñ TΦt

X
phqD̂ is the differential of Φt

X at h.

For the fundamental vector field Xu, the flow is given by Φt
Xuphq “ Fltu˚h by definition. Using

this, we have

XvpΦt
Xuphqq “

d

ds

ˇ̌
ˇ
s“0

Flsv˚pΦt
Xuphqq “

d

ds

ˇ̌
ˇ
s“0

Flsv˚Fltu˚h,

and obtain

d

dt

ˇ̌
ˇ
t“0
DΦ´t

Xu

“
XvpΦt

Xuphqq
‰

“
d

dt

ˇ̌
ˇ
t“0

d

ds

ˇ̌
ˇ
s“0

Φ´t
Xu

`
Flsv˚Fltu˚h

˘

“
d

dt

ˇ̌
ˇ
t“0

d

ds

ˇ̌
ˇ
s“0

Fl´tu ˚Flsv˚Fltu˚h

“ ´LuLvh ` LvLuh

“ ´Lru,vsh “ X ru,vsphq,

which completes the proof.

Remark 2.3.5. At first glance, Lemma 2.3.4 may seem to contradict the standard result that
the fundamental vector field mapping g Ñ ΓpTNq on a manifold N is an anti Lie algebra
homomorphism when the G-action on N is a left action [Lee12, Theorem 20.18]. The sign
difference in our setting occurs because of our identification of vector fields diffpMq with
derivations DerpC8pMqq “ ΓpTMq, where the mapping der : diffpMq Ñ DerpC8pMqq by
u ÞÑ Lu is an anti Lie algebra homomorphism.

Proof of Theorem 2.3.3. For 9δγ “ ´Luδγ, 8δγ “ ´Lvδγ with some u, v P diffpMq, we com-
pute dηδγ

p 9δγ, 8δγq “ dηδγ
pXu, Xvq explicitly, using the fundamental vector fields Xu, Xv P

ΓpTDOq given by Xupδγq “ ´Luδγ, Xvpδγq “ ´Lvδγ. We use the formula

dηδγ
pXu, Xvq “ LXuιXvηδγ

´ LXvιXuηδγ
´ ιrXu,Xvsηδγ

.
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2.3. Symplectic structure on the codimenion-2 shape space

First, by Lemma 2.3.4, we have

ηδγ
prXu, Xvsq “ ηδγ

pX ru,vsq “ ηδγ
p´Lru,vsδγq “

1

m
xδγ, ιru,vsιxµy.

Next, we compute

LXuιXvηδγ
“

d

dt

ˇ̌
ˇ
t“0
ηpXvpΦt

Xupδγqqq “
1

m

d

dt

ˇ̌
ˇ
t“0

xFltu˚δγ, ιvιxµy

“
1

m

d

dt

ˇ̌
ˇ
t“0

xδγ,Fltu
˚
ιvιxµy “

1

m
xδγ,Luιvιxµy,

where Φt
Xu is the time-t flow map of Xu, given by Φt

Xupδγq “ pFltuq˚δγ, as explained in the
proof of Lemma 2.3.4. Similarly, we have LXvιXuηδγ

“ 1
m

xδγ,Lvιuιxµy.

Combining these results, we obtain

dηδγ
pXu, Xvq “

1

m

`
xδγ,Luιvιxµy ´ xδγ,Lvιuιxµy ´ xδγ, ιru,vsιxµy

˘

“
1

m

`
xδγ,Luιvιxµ ´ Lvιuιxµ ´ ιru,vsιxµy

˘
.

By direct computation, we simplify the expression inside the dual pairing;

Luιvιxµ ´ Lvιuιxµ ´ ιru,vsιxµ “ Luιvιxµ ´ Lvιuιxµ ´ Luιvιxµ ` ιvLuιxµ

“ ιvLuιxµ ´ Lvιuιxµ

“ ιvdιuιxµ ` ιvιudιxµ ´ dιvιuιxµ ´ ιvdιuιxµ

“ ιvιuLxµ ´ dιvιuιxµ.

Note that Lxµ “ mµ for the volume form µ “ dx1 ^ ¨ ¨ ¨ ^ dxm, and that Bδγ “ δBγ “ 0.
Therefore, we obtain

dηδγ
pXu, Xvq “

1

m
xδγ, ιvιuLxµ ´ dιvιuιxµy

“ xδγ, ιvιuµy ´
1

m
xBδγ, ιvιuιxµy

“ ωδγ
pXu, Xvq ´ 0.

Thus we have shown dη “ ω.

Theorem 2.3.3 can be extended from R
m to a general manifold M equipped with an exact

volume form;

Theorem 2.3.6 (Liouville form on M with an exact volume form). Let µ be a volume form
on M such that µ “ dν for some ν P Ωm´1pMq. Define a 1-form η on DO by

ηδγ
p´Luδγq “ xδγ, ιuνy.

Then dη “ ω.

Example 2.3.7. The Liouville form η in Theorem 2.3.3 is a special case of Theorem 2.3.6
with pM,µq “ pRm, dx1 ^ ¨ ¨ ¨ ^ dxmq and

ν “
1

m

ÿ

i

xi dxi`1 ^ ¨ ¨ ¨ ^ dxi`m´1,

where the indices are taken modulo m.
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2. Preliminary: Symplectic geometry on the space of codimension-2 shapes

Proof of Theorem 2.3.6. Let 9δγ “ ´Luδγ, 8δγ “ ´Lvδγ with some u, v P diffpMq. Using the
same computational routine as in the proof of Theorem 2.3.3, with the fundamental vector
fields Xu, Xv P ΓpTDOq, we compute:

dηδγ
p 9δγ, 8δγq “ LXuιXvη ´ LXvιXuη ´ ιrXu,Xvsη

“ xδγ,Luιvνy ´ xδγ,Lvιuνy ´ xδγ,Lru,vsνy

“ xδγ, ιvιudν ´ dιvιuνy

“ xδγ, ιvιuµy ´ xBδγ, ιvιuνy

“ ωδγ
p 9δγ, 8δγq ´ 0.

Remark 2.3.8 (Proof via tilde calculus). Theorem 2.3.6 can alternatively be proved using the
tilde calculus introduced by Haller and Vizman [HV03, Viz11]. We explain this approach in
the appendix of this chapter (Section 2.4).

Remark 2.3.9 (Liouville form on a closed manifold). We are not aware of the existence or
non-existence of a Liouville form on a general closed manifold pM,µq. There are a few special
cases where exactness has been proved. For example, the space of two distinct points on the
sphere, equipped with the MW form (see Section 2.3.5), is symplectomorphic to the cotangent
bundle of a certain space and therefore admits a Liouville form [OU13].

However, we speculate that exactness of the MW form is unlikely in the general case when
the volume form µ is not exact, or at least that a Liouville form may not admit an explicit
expression.

In contrast, we will explicitly define a Liouville form in the prequantum sense (Definition 4.2.2)
on the space of implicit representations of submanifolds in a generic closed ambient manifold.
Our result does not, however, directly extend to unbounded manifolds, including simple cases
such as R

m.

Remark 2.3.10 (The Liouville form η is not a connection form). The fibration π : EmbpS,Mq Ñ
UEmbpS,Mq is a principalG-bundle, where the structure groupG is the group of reparametriza-
tions Diff`pSq. Using the Liouville form η defined in Theorem 2.3.6, we define a 1-form
η̃ “ π˚η on EmbpS,Mq. By construction, dη̃ “ π˚ω, and η̃ is equivariant under the
Diff`pSq-action. However, it is not a connection form, as it lacks vertical reproducibility:
since ker dπ Ă ker η̃, we have η̃γ̃pξ̂q “ 0 for any ξ P diffpSq, where ξ̂pγ̃q “ dγ̃pξq is the
fundamental vector field corresponding to ξ at γ̃.

On the other hand, the Liouville form on the space of implicit representations that we will
define does yield a connection form (Proposition 4.3.6).

2.3.3 Momentum maps on UEmbpS,Rmq

The Liouville form η of the MW form ω can be used to describe conserved quantities of
Hamiltonian systems on O. As in finite-dimensional symplectic geometry, when a Lie group G
acts on O, a map J : O Ñ g˚ is called a momentum map if

dxJp¨q, ξy
ˇ̌
γ

“ ιξ̂ω
ˇ̌
γ
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2.3. Symplectic structure on the codimenion-2 shape space

for any γ P O, ξ P g, and its fundamental vector field ξ̂ P ΓpTOq. If a given Hamiltonian
function H : O Ñ R is invariant under the G-action, then Jpγtq P g˚ is conserved along the
Hamiltonian flow γt.

When the Liouville form η is also invariant under the G-action, the momentum map can be
expressed as

dxJpγq, ξy “ ιξ̂ω “ Lξ̂η ´ dιξ̂η “ ´dpηpξ̂qq,

so that xJpγq, ξy “ ´ηpξ̂q, up to addition of a constant.

Example 2.3.11. Consider the rotation action of SOp3q on UEmbpS1,R3q – DUEmbpS1,R3q.
The fundamental vector field ξ̂ P ΓpTDUEmbpS1,R3qq associated with ξ P sop3q is given at
each δγ by ξ̂pδγq “ ´LRξ

δγ where Rξ P sdiffpMq is the rotational vector field defined by
Rξpxq “ ξ ˆ x on R

3.

Since the Liouville form η (2.3.4) is invariant under rotation, we have xJp¨q, ξy “ ´ηpξ̂q, up to
an additive constant. Therefore, the angular momentum Jpδγq P so˚p3q at δγ can be computed
from Rξ and and the expression (2.3.3). Since Rξpxq “ ξ ˆ x “ curl

`
´1

3
x ˆ pξ ˆ xq

˘
, we

have

xJpγq, ξy “ ´
1

3

ż

S1

detpBsγ̃, γ̃, ξ̂ ˝ γ̃q ds

“

ż

γ

ˆ
´

1

3
x ˆ pξ ˆ xq

̇5

“ Fluxex
m´2pδγ, Rξq, ξ P sop3q,

where γ̃ is any parametrization of γ and the flat operator 5 : diffpR3q Ñ Ω1pR3q is defined
with respect to the Euclidean metric.

The quantity xJpγq, ξy can be interpreted as the signed volume of the surface of revolution
obtained by rotating γ about the axis ξ{|ξ| P sop3q – R

3, multiplied by |ξ|.

On R
m, the Liouville form η is not invariant under SDiff0pRmq; for instance, its value depends

on the choice of origin and is therefore not translation-invariant. It is preserved only by
volume-preserving linear transforms x ÞÑ fx with f P SLpmq, which form a finite-dimensional
subgroup of SDiff`pRmq.

In contrast, the Liouville form on the space of implicit representations we will introduce in
Section 4.2 is invariant under SDiff`pMq for any closed manifold M (see Section 4.4.1).

2.3.4 Riemannian and formal Kähler structure

So far, we introduced the MW structure using only a volume form on the ambient manifold M .
When a Riemannian metric is given on M , we can additionally equip O with a Riemannian
structure.

Assume now that M is equipped with a Riemannian metric g inducing the volume form µ. We
first define an almost complex structure, that is, a vector bundle homomorphism J : TO Ñ TO
satisfying J 2 “ ´id.
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2. Preliminary: Symplectic geometry on the space of codimension-2 shapes

Let Õ :“ π´1O be the parametrization space of O via embeddings. We define an operator
J̃ : T Õ Ñ T Õ by projecting each 9̃γ P Tγ̃Õ onto the normal bundle Nγ̃Õ, and then applying
a 90-degree rotation in Nγ̃Õ with respect to the metric g, oriented so that

µpBs1
γ̃psq, . . . , Bsn

γ̃psq, J̃ 9̃γpsq, 9̃γpsqq ě 0,

where s “ ps1, . . . , snq is any local chart consistent with the orientation of γ̃.

Since ker J̃ “ ker dπ and J̃ is invariant under reparametrization, it descends to an almost
complex structure J on O, defined by

J 9γ “ dπ|γ̃pJ̃ 9̃γq

with any representatives γ̃ of γ and 9̃γ of 9γ, respectively.

With J and the MW form ω, we define a Riemannian metric on O by

Gγp 9γ, 8γq “ ωγp 9γ,J p8γqq.

In terms of de Rham currents, this becomes

Gδγ
p´Luδγ,´Lvδγq “ xδγ, ιv̂ιuµy,

where v̂ is any vector field on M satisfying v̂ ˝ γ “ J pv ˝ γq.

We remark that the triple pG, ω,J q defines a formal Kähler structure in the sense that

GpJ ¨, ¨q “ ωp¨, ¨q.

Strictly speaking, this is not a Kähler structure in the classical sense, which additionally requires
a complex structure i.e., the existence of holomorphic coordinates [Lem93, MZ96].

In some infinite-dimensional settings, including our case, the Nijenhuis tensor

N p 9γ, 8γq :“ rJ 9γ,J 8γs ´ J rJ 9γ, 8γs ´ J r 9γ,J 8γs ´ r 9γ, 8γs, 9γ, 8γ P TγO

vanishes [Bry09, Theorem 3.4.3][Hen09, Theorem 2.5], but this does not imply the existence
of a complex structure [Lem93, Theorem 10.5]. This contrasts with the finite-dimensional case,
where vanishing of the Nijenhuis tensor is equivalent to integrability. For details, see [Hen09,
Chapter 2] for example.

2.3.5 Base Dimension 2

We briefly discuss the case where the dimension m of the ambient manifold M is 2, which
is a finite-dimensional setting in contrast to m ą 2. Although many aspects are simplified
in this case, the symplectic structure requires additional care: orientations of points must be
supplied explicitly, as they are not encoded in the embeddings themselves.

We regard the domain S as a collection of N distinct points. The space of embeddings is

EmbpS,Mq :“ MNz∆ “ tpx1, . . . , xNq P MN | xj ‰ xk for j ‰ ku,

which is a smooth 2N -dimensional manifold.

22



2.3. Symplectic structure on the codimenion-2 shape space

In contrast to higher-dimensional settings, this space does not carry orientation data, that is,
whether each point is embedded positively or negatively. Hence we need to manually attach
the orientations I “ pI1, . . . , INq P t˘1uN to the symplectic structure. Namely we define

ω̃γ̃p 9̃γ, 8̃γq :“
Nÿ

j“1

Ijπ
˚
j µp 9̃γ, 8̃γq “

Nÿ

j“1

Ijµp 9̃γj, 8̃γjq, (2.3.6)

where 9̃γ, 8̃γ P Tγ̃EmbpS,Mq – Tx1
M ˆ ¨ ¨ ¨ ˆ TxN

M , and πj denotes projection onto the
j-th factor. Since the volume form µ is symplectic on a 2-dimensional manifold M , ω̃γ̃ is
non-degenerate and thus already symplectic.

We may still consider the unparametrized shape space

UEmbpS,Mq :“ EmbpS,Mq{ Diff`pSq,

by quotienting out the reparametrization group Diff`pSq :“ Sympk1q ˆ Sympk2q, which
permutes the k1 positively oriented and k2 negatively oriented points, with k1 ` k2 “ N .

Using currents (which are simply distributions in base dimension 2), we can encode orientations
directly to the shape δγ P DUEmbpS,Mq Ă D0pMq by

δγ :“
Nÿ

j“1

Ijδxj

with the Dirac delta distribution δxj
at each xj.

Then, for 9δγ “ ´Luδγ and 8δγ “ ´Lvδγ with vector fields u, v P ΓpTMq, the MW structure
is defined

ωδγ
p´Luδγ,´Lvδγq “ xδγ, ιvιuµy

in the same way as for higher dimensional cases. This evaluates to

xδγ, ιvιuµy “
Nÿ

j“1

Ijxδxj
, µpu, vqy “

Nÿ

j“1

Ijµp 9γj, 8γjq,

which agrees with the pointwise expression of the MW form (2.3.6).

2.3.6 Toward implicit representations: the space of all the
codimension-2 shapes

We considered the explicit shape space consisting of embeddings modulo reparametrization for
each fixed manifold S. We conclude this section by defining their disjoint union:

X :“
ğ

S

UEmbpS,Mq

where S runs through all oriented, closed n-dimensional manifolds. Thus, the explicit shape
space X is the set of all closed n-dimensional submanifolds of M , also known as the space of
n-dimensional nonlinear Grassmannians [HV03]. Each γ P X lies in a unique UEmbpS,Mq,
and we have TγX “ TγUEmbpS,Mq. Hence, the symplectic structure ω defined on each
UEmbpS,Mq naturally extends to X . For simplicity, we will identify X with its current
counterpart DX via the injection I : X Ñ DnpMq without further mention.
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2. Preliminary: Symplectic geometry on the space of codimension-2 shapes

Example 2.3.12. If m “ 2, the space X “
Ů
kPN

!řk

j“1 Ijδxj
| Ij P t´1, 1u, x P Mkz∆

)

is all the possible configurations of finitely many unordered oriented points. If m “ 3,

X “
Ů
kPN UEmb

´Ůk
S

1,M
¯

consists of all smooth links with finitely many knot components.

If m ą 3, then S may be a disjoint union of different types of manifolds.

2.4 Appendix: Liouville form via the tilde calculus

An alternative approach to prove Theorem 2.3.6 is using the so-called tilde calculus, also
known as the transgression of differential forms, presented in [HV03, Viz11]. The tilde calculus
is driven by the tilde operator which takes as input a differential form in a finite-dimensional
manifold and outputs another differential form in an infinite-dimensional manifold.

Let M be an m-dimensional oriented manifold and S be npă mq dimensional closed (i.e.,
compact & boundary-less) oriented manifold. Let us define the tilde operator

r : ΩkpMq Ñ Ωk´npUEmbpS,Mqq

α ÞÑ rα

for k ą n by

rαγpu1 ˝ γ, . . . , uk´n ˝ γq “

ż

S

γ˚pιuk´n
. . . ιu1

αq

where γ P UEmbpS,Mq and u1 ˝γ, . . . , uk´n ˝γ P TγUEmbpS,Mq with some u1, . . . , uk´n P
ΓpTMq.

The framework of the tilde calculus allows a simple expression of the Marsden–Weinstein
structure:

Example 2.4.1 (The Marsden–Weinstein form). Let µ be a volume form on the ambient
manifold M and let the dimension of S be n “ m ´ 2. Then the Marsden–Weinstein form
(2.3.1) is written as µ̃ P Ω2pUEmbpS,Mqq. Eplicitly, it is

rµγpu ˝ γ, v ˝ γq “

ż

M

γ˚ιvιuµ.

The tilde calculus has useful properties. In particular, we can use the commutativity between
d and r [HV03, Lemma 1] to show the exactness of the Marsden–Weinstein form.

Proposition 2.4.2. We have drα “ Ădα.

With this, the exactness of the Marsden–Weinstein form rµ is a direct consequence of the
exactness of µ.

An alternative proof of Theorem 2.3.6. The 1-form η given by ηδγ
p´Luδγq “ xδγ, ιuµy in

Theorem 2.3.6 agrees with rµ. Applying to Proposition 2.4.2 to µ “ dν, we get

rµ “ Ădν “ drν.
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CHAPTER 3
Implicit representations of

codimension-2 submanifolds

In the previous chapter, we reviewed the explicit representations of codimension-2 submanifolds
as embeddings of a manifold into an ambient manifold. In this chapter, we introduce implicit
representations via a class of complex-valued functions and study the geometric structures of
the space of these implicit representations.

This leads to further study of its relation with the Marsden–Weinstein symplectic structure of
the codimension-2 shape space (Chapter 4), and its exploitation for numerical simulation of
curve dynamcis (Chapter 5).

3.1 Introduction

Codimension-1 submanifolds—such as curves on a surface and surfaces in a three dimensional
space—can be implicitly represented using a level set function. This representation naturally
extends to multi-codimensional submanifolds using multiple level set functions. Specifically,
when the codimension is 2, submanifolds—such as curves in a three dimensional space and
surfaces in a four dimensional space—can be expressed as the zero sets of complex-valued
functions.

Such implicit representations via complex functions are useful for studying the geometry and
dynamics of submanifolds. For instance, prior work has exploited these implicit representations
to study the dynamics of space curves, such as curve-shortening flow [RMXO01] and quantum
vortex filaments governed by the Gross-Pitaevskii equation [OTH02, VKPS16, JS18].

In the present and the next chapter, we investigate the space of these implicit representations
for codimension-2 submanifolds. In particular, we study its geometric structures related to the
Marsden–Weinstein (MW) structure.

As in the previous chapter, let us denote O a Diff0pMq-orbit in the space of codimension-2
submanifolds, represented by embeddings modulo reparametrization. We call O the explicit
shape space. The implicit representation we define for each element in O is not unique, as
multiple complex-valued functions can share the same zero set. This redundancy makes the
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3. Implicit representations of codimension-2 submanifolds

implicit shape space FO a fiber bundle over the explicit shape space O. 1 Each element
ψ P FO is a complex-valued function over M , while each point γ P O is a codimension-2
submanifold in M . The projection from FO to O is to extract the zero set and the orientation.

This chapter builds a foundation of implicit representations for our further investigation in
the subsequent chapters, which leverages their non-uniqueness. In Chapter 4, we study the
geometry of the implicit shape space related to the Marsden-Weinstein structure. Specifically,
we reveal a prequantum structure on a certain quotient space of the implicit shape space
FO over the explicit shape space O. In Chapter 5, we exploit this redundancy to develop a
numerical method for space curve dynamics.

Conventions In the last chapter, we introduced the explicit shape space in terms of
embeddings modulo reparametrization, and in terms of de Rham currents. Throughout this
and the following chapter, we identify the explicit shape space X of all the codimension-2
submanifolds with its counterpart DX in terms of de Rham currents, as well as each Diff0pMq-
orbit O with the corresponding currents DO, without explicitly restating this identification.

3.2 Implicit representations of codimension-2 shapes

We define the space F of implicit representations of submanifolds as a subset of C8pM,Cq
as follows. The space F consists of functions ψ such that the zero set ψ´1p0q is nonempty,
and the differential dψ|x : TxM Ñ C is surjective at each x P ψ´1p0q.

Define a fibration Π: F Ñ X by assigning to each ψ P F a unique γ P X such that
im γ “ ψ´1p0q, with the orientation of ψ determined as follows. For γ P UEmbpS,Mq with
some S having k connected components, there are 2k possible orientations. Among these, we
select the unique one satisfying

ż

BΣ

Im
dψ

ψ
“ 2πΣ X γpSq

for any oriented pm ´ 1q-dimensional topological disk Σ intersecting transversely with γpSq,
where Σ X γpSq denotes the signed intersection number between Σ and γpSq.

Figure 3.1: Left: Visualization of an implicit representation ψ P F on the plane z “ 0 in R
3

for a Borromean ring γ P X . Each color represents a phase i.e., the preimage of an element
s P S

1 under the phase map ϕ “ ψ{|ψ|. Middle and right: Visualizations of the preimages of
two distinct elements in S

1 as surfaces bordered by im γ “ ψ´1p0q. These preimages have
codimension 1, and their intersection has codimension 2, representing im γ.

1Similar to O, the space FO is more precisely described as a subset of the space of complex-valued
functions, characterized by the orbits under a certain group action.
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3.2. Implicit representations of codimension-2 shapes

Existence of implicit representations The fibration Π: F Ñ X is not surjective. More
precisely, our implicit representation of shapes is limited to codimension-2 submanifolds that
are exact in homology; that is, each γ must be the boundary of an oriented codimension-1
submanifold Σ.

In this case, we can construct a map θ : Mz im γ Ñ T
1 as the solution to the Dirichlet

boundary problem:

∆θpxq “ 0 for x R Σ,

θpxq Ñ 2π as x Ñ Σf ,

θpxq Ñ 0 as x Ñ Σb,

where Σf and Σb denote the front and back sides of Σ, respectively. Given any smooth
non-negative function ρ such that ρ´1p0q “ im γ, we can define an implicit representation
ψ by ψpxq “ ρpxqeiθpxq. For M “ S

m, viewed as the one-point compactification of Rm, the
so-called solid angle field (visualized in Figure 3.1) is a special case of such a phase field eiθ

[BDR20, CI24].

Remark 3.2.1. In this article, we consider unlabeled shapes by taking the quotient of
EmbpS,Mq by Diff`pSq, rather than by Diff0pSq, as noted in Remark 2.2.2. Our implicit
representations are naturally suited to this setting, since the level set of each ψ is unlabeled
and unparametrized, yet having the orientation as explained above.

Remark 3.2.2 (Relation with open book decomposition). Each ψ P F can be interpreted as
a (relaxed) instance of an open book decomposition in contact geometry: a decomposition of
the ambient manifold M into an m ´ 2 dimensional submanifold B called the binder, and a
family of m´ 1 dimensional submanifolds tΣsusPS1 , called pages, such that BΣs “ B for each
s P S

1 [Gei08, Etn05].

For a given ψ P F , if the phase map ϕ : Mzψ´1p0q Ñ S
1, defined by ϕpxq “ ψpxq

|ψpxq| is a
submersion, then the zero set tψ “ 0u serves as the binder, and the level sets tϕ´1psqusPS1

form the pages. Even if ϕ fails to be a submersion, its level sets still form a foliation of M ,
and almost every s P S

1 is a binder by Sard’s theorem.

Orbit space The full space F is large and, in particular, consists of multiple connected
components. Just as in the case of the explicit representation space X , where each connected
component is a Diff0pMq-orbit O, we focus here on a single orbit U Ă F under the action of
the following group.

We define the semi-direct product group

DC :“ Diff0pMq ̇ ExppC8pM,Cqq,

where Diff0pMq acts on ExppC8pM,Cqq :“ teφ | φ P C8pM,Cqu via

f ▷ eφ “ eφ ˝ f´1, f P Diff0pMq, eφ P ExppC8pM,Cqq.

The Lie group DC has a Lie algebra DC “ diffpMq ̇ C8pM,Cq with Lie bracket

rpu, aq, pv, bqs “ pru, vs,´Lub ` Lvaq, u, v P diffpMq, a, b P C8pM,Cq, (3.2.1)

where ru, vs denotes the Lie bracket of vector fields on M .
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3. Implicit representations of codimension-2 submanifolds

Proposition 3.2.3. The operation DCˆDC Ñ DC given in (3.2.1) defines a Lie bracket
i.e., it is a bilinear skew-symmetric form satisfying the Jacobi identity.

Proof. These properties can be verified by a straightforward computation.

We now define an DC-action on F by

pf, eφq ▷ ψ “ pψ ˝ f´1q ¨ eφ, pf, eφq P DC, ψ P F .

Let Uψ Ă F denote the DC-orbit containing ψ P F . The tangent space at ψ is

TψUψ “ t´Luψ ` φψ | pu, φq P DCu.

Given γ “ Πψ P X and 9ψ “ ´Luψ ` φψ P TψUψ, we have dΠp 9ψq “ u ˝ γ P TγX . Using
the identification of X with de Rham currents DX , this becomes dΠp 9ψq “ ´Luδγ P Tδγ

DX .
Hence, we obtain

ΠpUψq “ OΠψ,

dΠpTψUψq “ TΠψOΠψ,

where OΠψ is the Diff0pMq-orbit of Πψ P X .

For the remainder of the present and the next chapter, we denote these orbits simply by
U Ă F and O Ă X (or DO Ă DX under the identification), without specifying a subscript ψ
or γ for indicating a particular orbit.

Remark 3.2.4. The semi-direct product group DC “ Diff0pMq ̇ ExppC8pM,Cqq is the
simplest extension of ExppC8pM,Cqq by Diff0pMq. That is, there is a split short exact
sequence of groups

1 Ñ ExppC8pM,Cqq Ñ DC Ñ Diff0pMq Ñ idM .

On F , the group DC acts analogously to Euclidean transformations, combining rotation and
translation. The composition rule is

pf2, e
φ2q ˝ pf1, e

φ1q “
`
f2 ˝ f1, pe

φ1 ˝ f´1
2 q ¨ eφ2

˘
,

and idM ̇ ExppC8pM,Cqq is a normal subgroup in DC.

3.3 Geometry of fibers

In this subsection, we study the geometry of the fiber bundle Π´1O consisting of implicit
representations over a Diff0pMq-orbit O of explicit representations, as well as the geometry
of a DC-orbit U within Π´1O.2 In particular, we show that while U is path-connected, each
fiber may have multiple connected components, and the number of these components equals
the rank of the first integral de Rham cohomology group of M .

2Clearly, Π´1O contains a DC-orbit U , but at this point we do not know whether U “ Π´1O. For further
discussion, see Conjecture 3.3.5.
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3.3. Geometry of fibers

We define a fiber-preserving group action on Π´1O. For each γ P O, let DiffγpMq be
the connected component of the stabilizer of γ containing idM . This is the subgroup
of Diff0pMq consisting of diffeomorphisms f for which there exists a path tftutPr0,1s Ă
Diff0pMq such that ft ˝ γ “ γ for all t P r0, 1s, with f0 “ idM and f1 “ f . Then
DCγ :“ DiffγpMq ̇ ExppC8pM,Cqq acts on U as a subgroup of DC, preserving each fiber
Π´1γ. This action is clearly free on each fiber, and it turns out to be transitive on each
connected component of the fiber.

We emphasize that both components of the DCγ-action, DiffγpMq and ExppC8pM,Cqq,
must work together to achieve connected component-wise transitivity. Indeed, Uγ :“ Π´1γXU
(and hence Π´1γ) may not be attained by the action of either ExppC8pM,Cqq or DiffγpMq
alone, as illustrated in the following examples.

Example 3.3.1 (Non-transitivity of DiffγpMq-action). Let γ be four points tzku4
k“1 on M “

R
2 where where z1, z2 have positive orientations and z3, z4 have negative orientations. We then

let ψ0 be an implicit representation of γ defined by ψ0pzq “ pz ´ z1qpz ´ z2qpz ´ z3qpz ´ z4q,
and ψ1 :“ ψ0e

iπ{2 as illustrated in Figure 3.2. These two functions clearly lie in the same
fiber Π´1γ, but there is no diffeomorphism f such that ψ1 “ ψ0 ˝ f resolving the topological
differences of the phase level sets. In contrast, the group action of eiπ{2 P ExppC8pM,Cqq
joins ψ0 and ψ1.

Figure 3.2: Implicit representations ψ0 (left) and ψ1 “ ψ0e
iπ

2 (right) of four points in
R

2. Each color indicates a phase value of ϕ “ ψ{|ψ|. The highlighted light-blue and red
curves correspond to the level sets ϕ´1p1q and ϕ´1peiπq, respectively. Clearly, there is no
diffeomorphism f such that ψ0 ˝ f “ ψ1 that can handle the topological changes in these level
sets.

Example 3.3.2 (Non-transitivity of ExppC8pM,Cqq-action). Let M “ R
2, and consider

implicit representations ψ0, ψ1 defined by ψ0px, yq “ x ` iy and ψ1px, yq “ x ` y ` iy.
These functions share the same zero at px, yq “ p0, 0q and the same orientation. However,
there is no nowhere-vanishing smooth function φ such that ψ1 “ φψ0. Indeed, the quotient
ψ1

ψ0
“ 1 ` xy

x2`y2 ´ i y2

x2`y2 is discontinuous at the origin. On the other hand, with the
diffeomorphism fpx, yq “ px ´ y, yq, we attain ψ1 “ ψ0 ˝ f .

The non-transitivity of the DiffγpMq-action and the ExppC8pM,Cqq-action separately holds
on any ambient manifold M , as it is caused solely by local information of implicit representations
near the zero level set. For instance, on M “ S

2 regarded as the one-point compactification
of R2, the same choice of pairs ψ0, ψ1 as in Example 3.3.1 and Example 3.3.2 works, with the
modification that |ψ0|, |ψ1| Ñ 1 at infinity so that they are smooth functions on S

2.

We now show that the action of DCγ is indeed transitive on each connected component of
the fiber Π´1γ, and that the number of connected components is determined by the topology
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3. Implicit representations of codimension-2 submanifolds

of the ambient manifold. Let H1
dRpM,Zq be the first integral de Rham cohomology defined by

H1
dRpM,Zq “

"
rηs P H1

dRpM,Rq

ˇ̌
ˇ̌
ż

σ

η P Z for any rσs P H1pM,Zq

*
.

Then we have the following relation;

Proposition 3.3.3. For each γ P O, we have a bijection

Π´1γ
L

DCγ – H1
dRpM,Zq.

To prove the proposition and highlight the roles of DiffγpMq-action and ExppC8pM,Cqq-
action separately, we introduce two equivalence classes.

Definition 3.3.4 (Twist class and conformal class). We say ψ0, ψ1 P Π´1γ are in the same
twist class if there is a diffeomorphism f P DiffγpMq such that ψ1 “ ψ0 ˝ f .

We say ψ0, ψ1 P Π´1γ are in the same conformal class if there is a nowhere vanishing function
ζ P C8pM,Cˆq such that ψ1 “ ζψ0.

Figure 3.3: A ribbon of an implicit representation ψ for the Hopf link γ. For each regular
value s P S

1 of the phase field ϕ “ ψ{|ψ|, the ribbon Rs (opaque cyan) is defined as the
intersection of ϕ´1psq (translucent blue) and a small tubular neighborhood of im γ.

Intuitively, ψ0 and ψ1 are in the same twist class if their ribbons (Figure 5.3) have the same
total twists and hence are diffeomorphic to each other. On the other hand, ψ0 and ψ1 are in
the same conformal class if they share the same shear states (i.e., the rate of phase change)
around the zeros so that ψ1{ψ0 exists and smooth on the zeros.

Proof of Proposition 3.3.3. We first claim that for each pair ψ0, ψ1 P Π´1γ, there exist
functions eφ0 , eφ1 P ExppC8pM,Cqq and a diffeomorphism f P DiffγpMq such that peφ0ψ0q˝f
and eφ1ψ1 lie in the same conformal class.

To see this, take some φ0, φ1 P C8pM,Cq so that, letting ψ̂0 :“ eφ0ψ0 and ψ̂1 :“ eφ1ψ1,
we have |ψ̂0| “ |ψ̂1| in a small tubular neighborhood B of im γ, and the phase field ϕ̂j “
ψ̂j

|ψ̂j | : Bz im γ Ñ S
1 is a submersion for j “ 0, 1.

We can take coordinates pp, zq in B with p P im γ and z :“ ψ̂0pp, ¨q. Then consider a tubular
sub-neighborhood BR “ tpp, zq | p P im γ, |z| ď Ru small enough so that ψ̂1 is injective on
each circle Sϵp “ tpp, zq | |z| “ ϵu for p P im γ and ϵ ď R. Then for a sufficiently small

r ă R, there exists f P DCγ such that ψ̂0 ˝ f “ τ ψ̂1 inside the smaller tubular neighborhood
Br “ tpp, zq | p P im γ, |z| ď ru and f “ id outside BR, as illustrated in Figure 3.4. Here τ
is a smooth function on Br of the form τpp, zq “ eiθppq with some T

1-valued function θ.
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3.3. Geometry of fibers

Outside Br, the function ψ̂1

ψ̂0˝f is smooth and nowhere vanishing. Hence there exists a smooth

function ζ P C8pM,Cˆq such that ψ̂0 ˝ f “ ζψ̂1 and ζ “ τ inside Br, showing that ψ0 ˝ f
and ψ1 are in the same conformal class.

We now note that the following is an exact sequence:

0 Ñ Z
k ÞÑ2πik
ÝÝÝÝÑ C8pM,Cq

exp
ÝÝÑ C8pM,Cˆq

h
ÝÑ H1

dRpM,Zq Ñ 0

where h : C8pM,Cˆq Ñ H1
dRpM,Zq is defined by hpκq “

“
Im 1

2π
dκ
κ

‰
. Therefore ζ defines an

element hpζq P H1
dRpM,Zq, and the functions ψ̂0 ˝ f and ψ̂1 are in the same twist class if and

only if hpζq “ r0s.

On the other hand, each pair of elements rη1s, rη2s P H1
dRpM,Zq define elements rζ1s, rζ2s P

C8pM,Cˆq{ ExppC8pM,Cqq such that ζ1ψ and ζ2ψ for any choice of ψ P Π´1γ, and the
representatives ζ1, ζ2 are in the same DCγ-orbit if and only if rη1s “ rη2s. This completes the
proof.

Hence we have shown that, while a DC-orbit U is path connected, each fiber Π´1γ consists
of a disjoint copies of a DCγ-orbit associated with the discrete group H1

dRpM,Zq.

ψ̂0pp, zq “ z ψ̂1pp, zq “ zei|z|2

ψ̂0 ˝ f

Figure 3.4: Level curves ϕ̂´1p1q, ϕ̂´1pei
π
2 q, ϕ̂´1p´1q, ϕ̂´1pei

3π
2 q of the phase maps ϕ̂ “ ψ̂{|ψ̂|

of implicit representations ψ̂0pp, zq “ z (left), ψ̂1pp, zq “ zei|z|2 (middle), and ψ̂0 ˝ f (right),
on the tubular domain B sliced into a disc at fixed p P im γ. The diffeomorphism f rotates
these level lines on each circle Sϵp “ tpp, zq | |z| “ ϵu for ϵ ď R so that ψ̂0 ˝ f agrees with ψ̂1

inside the smaller domain Br (dark gray) and with ψ̂0 outside the larger domain BR (light
gray).

Is the fiber bundle FO :“ Π´1O larger than a single orbit U? Since each fiber Π´1γ

is an orbit of Diffγ ̇C8pM,Cˆq, the entire fiber bundle FO :“ Π´1O over a fixed O is
a Diff0pMq ̇ C8pM,Cˆq-orbit. As each fiber has multiple connected components when
H1
dRpM,Zq ‰ 0, the fiber bundle FO appears to be strictly larger than U , a single orbit under

the action of DC “ Diff0pMq ̇ ExppC8pM,Cqq. It, however, turns out that FO “ U at last
for the case of the base dimension 2 as illustrated in Figure 3.5. By moving around zeros while
multiplying functions in ExppC8pM,Cqq, we can overcome topological changes of phase level
lines. We expect that a similar argument holds in higher dimensional cases and the result
remains valid:

Conjecture 3.3.5. Let O be a Diff0pMq-orbit in the explicit shape space X , FO :“ Π´1O
be the entire fiber bundle over O, and U be a DC-orbit in FO. Suppose each connected
component of M intersects with im γ for γ P O. Then FO “ U .
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3. Implicit representations of codimension-2 submanifolds

ψ0 ψt1 ψt2

ψt3 ψt4 ψ1

Figure 3.5: A transition of the implicit representation from ψ0 (top left) to ψ1 (bottom right)
for two points γ on the torus T

2. In both ψ0 and ψ1, the colored curves represent level
sets ϕ´1psq of some phases. Clearly, ψ0 and ψ1 belong to different connected components
of the fiber π´1γ. Nevertheless, they lie on the same DC-orbit. Starting from ψ0, we first
multiply by some eφ1 P ExppC8pM,Cqq to compress the support of dϕ into narrow bands,
visualized as thick gray curves in ψt1 . Next, multiplying ψt1 by eφ2 P ExppC8pM,Cqq merges
two level curves, producing ψt2 . Applying a diffeomorphism f1 moves the level lines, yielding
ψt3 , and a second diffeomorphism f2 transforms ψt3 into ψt4 . Finally, multiplying by another
eφ3 P ExppC8pM,Cqq decompresses the support of dϕ, resulting in ψ1.

We conclude this subsection by observing that an Diff0pMq ̇ C8pM,Cˆq-orbit FO is locally
a DC-orbit U and they share the same tangent space at each ψ even if U Ĺ FO. In this
section and the next section, we still focus on local arguments on U , which are all available on
FO when we consider prequantum G-bundles in Section 4.3.
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CHAPTER 4
Prequantum structure on the space of

implicit representations

In this chapter, we further study the geometry of the implicit shape space FO, related to
the Marsden–Weinstein symplectic structure on the explicit shape space O. In particular, we
construct a prequantum bundle over O as a certain quotient space of FO. This reveals a new
geometric interpretation of the Marsden–Weinstein form.

4.1 Overview

As we saw in Chapter 3, the fiber bundle FO of implicit representations has a natural geometric
interpretation. Each complex function ψ P FO representing a codimension-2 submanifold
γ P O carries additional information in the form of its complex phase. The level sets of
this phase function constitute a S

1-family of hypersurfaces in the ambient manifold M , that
are bordered by γ. For the motion of each of these hypersurfaces, we can consider the
swept volume. Hence any motion of ψ induces the average volume swept out by these phase
hypersurfaces.

From this observation, we introduce a quotient space of FO. In each fiber, we define two
hypersurface configurations as equivalent („) if they can be continuously deformed into each
other while keeping their boundaries fixed and maintaining zero net volume change throughout
the motion. The space of equivalence classes is denoted by P :“ FO{ „, which is still a fiber
bundle over O. We call P the volume class for the implicit shape space.

It turns out that the volume class P over O carries a prequantum bundle structure, where each
fiber consists of multiple copies of a circle, reflecting the first integral de Rham cohomology
H1
dRpM,Zq. This is a relaxation of a standard definition of a prequantum bundle which usually

requires each fiber to be a complex line or a circle, while each fiber of our bundle is still one
dimensional.

The connection form ΘP on this bundle is defined such that the horizontal lift of any path in
O corresponds to a motion of phase hypersurfaces that sweep out zero net volume along the
path. With this setup, we have the following theorem.
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4. Prequantum structure on the space of implicit representations

Theorem 4.1.1 (Theorem 4.3.7). The fibration ΠP : pP ,ΘPq Ñ pO, ωq is a prequantum
G-bundle where ω is the MW symplectic form and the structure group is G “ S

1ˆH1
dRpM,Zq.1

In other words, the curvature of the connection ΘP agrees with the MW symplectic form. As
a consequence, this prequantum bundle allows the following geometric interpretation of the
MW form:

Corollary 4.1.2 (Corollary 4.3.9). Consider a closed path BΣ in O that bounds a 2-dimensional
disk Σ, representing a cyclic motion of a codimension-2 submanifold γt Ă M for 0 ď t ď 1,
with γ0 “ γ1. Let rψtsP be a horizontal lift over γt and ϕt :“ ψt{|ψt| : Mzψ´1

t p0q Ñ S
1 be

the phase map of a representative ψt P rψtsP . That is, γt bounds a family of hypersurfaces
tσst usPS1 , defined by σst “ ϕ´1

t psq and the average volume swept out by σst remains zero at
each t, i.e.,

1

2π

ż

S1

ż

σs
t

ιBtσ
s
t
µ ds “ 0,

where µ is the volume form on M .

Then, the volume enclosed between σs0 and σs1, averaged over s P S
1, equals to

ť
Σ
ω, where

ω is the MW form on O.

In the limiting case of Corollary 4.1.2, where the phase of ψt becomes constant except a 2π

jump at a single hypersurface σt bounding γt, the result simplifies to the following corollary.
This version has no explicit reference to the complex function ψt.

Corollary 4.1.3 (Corollary 4.3.10). Let Σ be a disc and tγtutPr0,1s be a path in O as in
Corollary 4.1.2. Suppose that each γt bounds a hypersurface, i.e., γt “ Bσt, and that the
volume swept out by σt remains zero at each t. Then, the volume enclosed between σ0 and
σ1 agrees with

ť
Σ
ω.

Related work on prequantum bundles over the codimension-2 shape spaces There
are other prequantum bundles over pO, ωq. In [HV03], Haller and Vizman constructed a
prequentum circle bundle by covering O with a collection of open sets tUiui and gluing the
sets tS1 ˆ Uiui using carefully chosen transition functions that ensure a prequantum bundle
structure. Another approach, utilizing differential characters, was introduced in [DJNV20].
Presently we are not aware of any explicit relationships between their proposed prequantum
bundles and ours.

However, we emphasize that, unlike these previously established prequantum bundle structures,
our framework is inherently local. Specifically, we focus on submanifolds that are exact in
homology, meaning they must bound codimension-1 domains. Consequently, the existence of
our prequantum bundle is restricted to such exact submanifolds as explained in Section 3.2.

Future work The codimension-2 shape space admits not only the MW structure but also
other symplectic structures, as recently shown in [BIM24]. In this article, we focus specifically
on the MW structure. Extending our framework to a wider class of symplectic structures is an
interesting direction for future work.

1Precisely, we normalize Θ and ω in Theorem 4.3.7 so that the normalized Θ is a connection form in a
standard definition of principal bundle. For details, see Section 4.3.
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Secondly, we restrict our attention to the space of embeddings modulo reparametrization,
meaning that self-intersecting shapes are outside the scope of this study, even though the
MW form is defined on the space of immersions. On the other hand, the tools we employ
from geometric measure theory, such as currents, are capable of handling such singularities.
In the future, we aim to extend our framework to accommodate topological changes and
reconnection events in shapes.

Organization of the chapter In Section 4.2, we define a 1-form Θ on FO and show that it
defines a Liouville form for the MW form ω P Ω2pOq in the prequantum sense, i.e., Π˚ω “ dΘ

via the fibration Π: FO Ñ O. Our proof, using geometric measure theory, offers a geometric
interpretation of Θ in terms of the swept volumes of phase hypersurfaces.

In Section 4.3, we define the volume class P as explained above. We show that Θ factored onto
P becomes a connection form ΘP forming a prequantum G-bundle ΠP : pP ,ΘPq Ñ pO, ωq
with the structure group G “ S

1 ˆ H1
dRpM,Zq.

In Section 4.4, we study additional structures that implicit representations and prequantum
structures reveal, such as horizontal Hamiltonian vector fields on P with respect to the
connection ΘP , and a degenerate formal Kähler structure on FO.

4.2 Liouville form in the prequantum sense

In this section, we present one of our main results: the MW symplectic form ω on O over a
general closed manifold M admits a Liouville form in the prequantum sense. In the rest of
the chapter, we assume that the ambient manifold M is closed, in contrast to the setting in
Section 2.2 for the explicit shape space.

Definition 4.2.1. Define the following 1-form on each DC-orbit U of F :

Θψp 9ψq “
1

2π

ż

M

Im
9ψψ̄

|ψ|2
µ, (4.2.1)

where 9ψ “ ´Luψ ` φψ P TψU for some pu, φq P DC.

At first glance, the integral in (4.2.1) may appear divergent as the integrand is unbounded
near the zeros of ψ. However, we will show that it is in fact finite. We also demonstrate that
the value Θψp 9ψq has a clear physical interpretation (Remark 4.2.15).

Definition 4.2.2 (Formal prequantization and Liouville form). Let pB, βq be a symplectic
manifold, and let E be a manifold equipped with a 1-form α. We say that a fibration
π : E Ñ B is a formal prequantization, and that α is a Liouville form of β in the prequantum
sense, if

dα “ π˚β.

Theorem 4.2.3 (Liouville form for the MW structure in the prequantum sense). Suppose M
is a closed manifold equipped with a volume form µ. Then the fibration Π: pU ,Θq Ñ pO, ωq
is a formal prequantization.
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4. Prequantum structure on the space of implicit representations

Proof strategy To prove the theorem, that is, to show dΘ “ Π˚ω, we combine a standard
approach in differential geometry with the coarea formula from geometric measure theory. We
compute the exterior derivative of Θψ by the formula

dΘψp 9ψ, 8ψq “ LY1
ιY2

Θψ ´ LY2
ιY1

Θψ ´ ιrY1,Y2sΘψ (4.2.2)

for each ψ P U and 9ψ, ψ̊ P TψU . Here, the vector fields Y1, Y2 P ΓpTUq are arbitrary extensions
of the vectors 9ψ, ψ̊ respectively; that is, Y1|ψ “ 9ψ and Y2|ψ “ ψ̊.

To perform this calculation, we first choose specific vector fields Y1 and Y2 and explicitly com-
pute each term in (4.2.2). This calculation leads to a simple expression of dΘ (Lemma 4.2.12).
As the final step of the proof, we show that the fibration Π : U Ñ DO Ă Dm´2pMq is
decomposed into Π “ B ˝ Λ (Lemma 4.2.13) using the coarea formula, where the map
Λ: U Ñ Dm´1pMq assigns to each ψ its circle differential pm´ 1q-current, as defined below
(Definition 4.2.4), and B : Dm´1pMq Ñ Dm´2pMq is the boundary operator for currents.

Definition 4.2.4 (Circle differential 1-form and pm ´ 1q-current). Using the normalization
map τ : Cˆ Ñ S

1 given by z ÞÑ z
|z| and the standard Haar measure σ P Ω1pS1q on S

1 withş
S1 σ “ 2π, define the circle differential 1-form λψ P Ω1pMzψ´1p0qq by

λψ :“ ψ˚τ˚σ.

This induces the map Λ: F Ñ Dm´1pMq by

xΛpψq, βy :“

ż

M

λψ ^ β, β P Ωm´1pMq. (4.2.3)

We call Λpψq the circle differential current.

The circle differential λψ represents the gradient of the phase of ψ. In fact, there is a small
neighborhood Nx around each point x P Mzψ´1p0q such that ψ is locally represented by
ψpyq “ rpyq ¨ eiϕpyq with some function r : Nx Ñ Rą0 and ϕ : Nx Ñ R with dϕ “ λψ.

The integral (4.2.3) is well-defined because the integrand λψ ^α is defined almost everywhere
on M with respect to µ, in particular, except on the codimension-2 set ψ´1p0q. In fact, Λpψq
is indeed a current i.e., a continuous linear functional on Ωm´1pMq, and namely the value
(4.2.3) is always finite;

Lemma 4.2.5. Let M be a closed manifold and ψ P F . Then Λpψq P Dm´1pMq.

This result is a direct consequence of the coarea formula from geometric measure theory, which
is a nonlinear version of the Fubini theorem.

Proposition 4.2.6 (Smooth coarea formula). Let X be an oriented smooth manifold and Y
be an oriented compact smooth manifold with dimension nX and nY ă nX respectively. For
a submersion f : X Ñ Y and forms β P ΩnX ´nY pY q, σ P ΩnY pY q, we have

ż

X

f˚σ ^ β “

ż

Y

xδf´1p¨q, βy σ.

Remark 4.2.7. There are different versions of the coarea formula. Here, we use the version
from [Dem97, Chapter I.3], as it is formulated in terms of differential forms and does not rely
on Hausdorff measure or a Riemannian metric, making it well-suited for our context.

For standard references on the coarea formula, readers may find works like [Fed14] and [Nic11]
helpful.
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Proof of Lemma 4.2.5. Clearly Λpψq is linear in Dm´1pMq. We now show that Λpψq is a
bounded functional. By the coarea formula (Proposition 4.2.6), we have for any β P Ωm´1pMq
that,

xΛpψq, βy “

ż

M

λψ ^ β “

ż

Mreg ϕ

λψ ^ β “

ż

S1

xδpϕ´1p¨qXMreg ϕq, βyσ

where ϕ “ τ ˝ ψ : Mzψ´1p0q Ñ S
1 and M regϕ denotes the set of regular points of ϕ. Note

that the set ϕ´1psq X M regϕ for each s P S
1 is a m ´ 1 dimensional submanifold and namely

δBpϕ´1psqXMreg ϕq is a m´1-current. In particuluar, the operator norm }δBpϕ´1psqXMreg ϕq}Dm´1pMq
is bounded. Therefore,

}Λpψq}Dm´1pMq ď

ż

S1

σ sup
sPS1

}δBpϕ´1psqXMreg ϕq}Dm´1pMq “ 2π sup
sPS1

}δBpϕ´1psqXMreg ϕq}Dm´1pMq

is bounded, from which we conclude that Λpψq is a current.

As we see from the proof, the current Λpψq is in fact the superposition of a S
1-family of

hypersurfaces given as the phase level sets of ψ.

Vector fields Y1, Y2 P ΓpTUq We now choose the vector fields Y1 and Y2 that extend 9ψ

and ψ̊ to evaluate (4.2.2). As in our approach for Theorem 2.3.3, we use the fundamental
vector field associated with the action of DC “ Diff0pMq ̇ ExppC8pM,Cqq on U . Recalling
that the Lie algebra of DC is DC “ diffpMq ̇C8pM,Cq, we define Y pu,aq P ΓpTUq for each
pu, aq P DC by

Y pu,aqpψq :“
d

dt

ˇ̌
t“0

Fl´tu
˚
ψ ¨ eta “ ´Luψ ` aψ. (4.2.4)

We first explicitly compute their Lie bracket;

Lemma 4.2.8. For pu, aq, pv, bq P DC and ψ P U , we have

rY pu,aq, Y pv,bqspψq “ ´Lru,vsψ ` pLub ´ Lvaqψ.

Proof. To compute the Lie derivative of vector fields rY pu,aq, Y pv,bqs “ LY pu,aqY pv,bq, we use
the formula:

LY pu,aqY pv,bqpψq “
d

dt

ˇ̌
ˇ
t“0
DΦ´t

Y pu,aq

`
Y pv,bqpΦt

Y pu,aqpψqq
˘
, ψ P U

where Φt
Y : U Ñ U is the flow map along Y P ΓpTUq defined by the ODE

d

dt
pΦt

Y pψqq “ Y pΦt
Y pψqq,

Φ0
Y “ idU ,

and DΦt
Y |ψ : TψU Ñ TΦt

Y
pψqU is its differential at ψ. For the fundamental vector field Y pu,aq

associated to pu, aq P DC, we have by definition Φt
Y pu,aqpψq “ Fl´tu

˚
ψ ¨ eta. Since

Y pv,bqpΦt
Y pu,aqpψqq “

d

ds

ˇ̌
ˇ
s“0

Φs
Y pv,bq

`
Φt
Y pu,aqpψq

˘
,
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we have

d

dt

ˇ̌
ˇ
t“0
DΦ´t

Y pu,aq

`
Y pv,bqpΦt

Y pu,aqpψqq
˘

“
d

dt

ˇ̌
ˇ
t“0

d

ds

ˇ̌
ˇ
s“0

Φ´t
Y pu,aq

`
Φs
Y pv,bq

`
Φt
Y pu,aqpψq

˘˘

“
d

dt

ˇ̌
ˇ
t“0

d

ds

ˇ̌
ˇ
s“0

Φ´t
Y pu,aq pΦs

Y pv,bqpψqq ` Φs
Y pv,bq

`
Φt
Y pu,aqpψq

˘

using the product rule. We then compute the first term:

d

dt

ˇ̌
ˇ
t“0

d

ds

ˇ̌
ˇ
s“0

Φ´t
Y pu,aq pΦs

Y pv,bqpψqq “
d

dt

ˇ̌
ˇ
t“0

d

ds

ˇ̌
ˇ
s“0

Fltu
˚ `

Fl´sv
˚
ψ ¨ esb

˘
¨ e´ta

“
d

dt

ˇ̌
ˇ
t“0

d

ds

ˇ̌
ˇ
s“0

Fltu
˚ `

Fl´sv
˚
ψ
˘

¨ Fltu
˚
esb ¨ e´ta

“
d

ds

ˇ̌
ˇ
s“0

Lu

`
Fl´sv

˚
ψ
˘

¨ esb `
`
Fl´sv

˚
ψ
˘

Lupesbq ´
`
Fl´sv

˚
ψ
˘

¨ esb ¨ a

“ ´LuLvψ ` Luψ ¨ b ´ Lvψ ¨ 0 ` ψLub ` Lvψ ¨ a ´ ψ ¨ b ¨ a

“ ´LuLvψ ` bLuψ ` aLvψ ` ψLub ´ abψ

where we used Lupesbq “ sLub ¨ esb. Similarly, we have

d

dt

ˇ̌
ˇ
t“0

d

ds

ˇ̌
ˇ
s“0

Φs
Y pv,bq

`
Φt
Y pu,aqpψq

˘
“ LvLuψ ´ aLvψ ´ bLuψ ´ ψLva ` abψ.

Summing these results, we have

d

dt

ˇ̌
ˇ
t“0

d

ds

ˇ̌
ˇ
s“0

Φ´t
Y pu,aq pΦs

Y pv,bqpψqq ` Φs
Y pv,bq

`
Φt
Y pu,aqpψq

˘
“ ´LuLvψ ` LvLuψ ` ψLvb ´ ψLva

“ ´Lru,vsψ ` pLub ´ Lvaqψ.

We thus obtained the stated expression.

Remark 4.2.9. The fundamental vector field mapping DC Ñ ΓpTUq given by (4.2.4) is
in fact a Lie algebra anti-homomorphism. To see this, notice that the mapping diffpMq Ñ
DerpC8pM,Cqq by u Ñ Lu is an anti-homomorphism as noted in Remark 2.3.5. Hence we
have

Y rpu,aq,pv,bqs “ Y pru,vs,´Lub`Lvaq “ Lru,vsψ ` pLva ´ Lubqψ “ ´rY pu,aq, Y pv,bqs

where the last equality is the application of Lemma 4.2.8.

Evaluation of Θ and dΘ We now evaluate each term in (4.2.2) with Y1 “ Y pu,aq and
Y2 “ Y pv,bq. First, we express the term ΘψpY pu,aqq “ Θψp´Luψ ` aψq more explicitly.

Lemma 4.2.10 (Evaluation of Θψ). For any pu, aq P DC, we have

Θψp´Luψ ` aψq “ Θψp´Luψq ` Θψpaψq

“
1

2π

ˆ
´xΛpψq, ιuµy `

ż
Im a µ

̇
,

where Λpψq, defined in (4.2.3), is the current associated to the circle differential of ψ, and µ
is the volume form on M .
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Proof. By direct computation we get

Θψpaψq “
1

2π

ż
Im

aψψ̄

|ψ|2
µ “

1

2π

ż
Im a µ.

We then compute Θψp´Luψq. Using the local expression ψ “ reiϕ with r “ |ψ| and a
function ϕ around each x P Mzψ´1p0q, we have locally

dψ “ eiϕdr ` reiϕidϕ

and

Im
ιudψ ¨ ψ̄

|ψ2|
“ Im

ιudr

r
` Impiιvdϕq “ 0 ` ιuλψ.

Hence, we obtain using the product rule for the interior product that,

Θψp´Luψq “ ´
1

2π

ż
Im

ιudψ ¨ ψ̄

|ψ2|
µ “ ´

1

2π

ż
ιuλψ µ

“ ´
1

2π

ż
λψ ^ ιuµ “ ´

1

2π
xΛpψq, ιuµy.

We next need an auxiliary result describing how Θ varies under the DC-action.

Lemma 4.2.11. Let ψ P U , pf, eφq P DC, and ψ̂ :“ pf, eφq ▷ ψ “ ψ ˝ f´1 ¨ eφ, For the
fundamental vector field of Y pu,aq P ΓpTUq of pu, aq P DC, we have

Θψ̂pY pu,aqq “
1

2π

ˆ
´

ż
ιupf´1˚

λψ ` Im dφqµ `

ż
a µ

̇
.

Additionally, if u is divergence-free, it simplifies to

Θψ̂pY pu,aqq “
1

2π

ˆ
´

ż
ιuf

´1˚
λψ `

ż
a µ

̇
.

Proof. Clearly we have Θψ̂paψ̂q “
ş
a µ. We now compute Θψ̂p´Luψ̂q. From

dψ̂ “ dpψ ˝ f´1 ¨ eφq “ eφ ¨ dpψ ˝ f´1q ` ψ ˝ f´1 ¨ eφdφ “ eφdpψ ˝ f´1q ` ψ̂dφ

it follows that,

2π Θψ̂p´Luψ̂q “ ´

ż
Im

ιudψ̂ ¨
¯̂
ψ

|ψ̂|2
µ “ ´

ż
Im

eφιudpψ ˝ f´1q `
¯̂
ψψ̂ιudφ

|ψ̂|2
µ

“ ´

ż
Im

¯̂
ψψ̂iιuλψ˝f ` |ψ̂|2ιudφ

|ψ̂|2
µ “ ´

ż
pιuλψ˝f ` ιu Im dφqµ.

We have by definition that λψ˝f “ pψ ˝ fq˚τ˚σ “ f˚ψ˚τ˚σ “ f˚λψ, which gives the stated
expression.

Finally, if u is divergence-free, we get by integral by parts that
ż
ιud Imφ µ “ ´

ż
Imφ Luµ “ 0.
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Using these results, we can now explicitly evaluate each term in (4.2.2) and compute dΘ.

Lemma 4.2.12. We have

dΘψpY pu,aq, Y pv,bqq “
1

2π
xBΛpψq, ιvιuµy. (4.2.5)

where B : Dm´1pMq Ñ Dm´2pMq is the boundary operator for currents.

Proof. First, we have

ΘψprY pu,aq, Y pv,bqsq “
1

2π

ż `
´ιru,vsλψ ` Lu Im b ´ Lv Im a

˘
µ

using the expressions of rY pu,aq, Y pv,bqs (Lemma 4.2.8) and of Θψ (Lemma 4.2.10).

We then compute LY pu,aqιY pv,bqΘψ. Applying Lemma 4.2.11 to the time-t flow map of Y pu,aq

given by Φt
Y pu,aqpψq “ Fl´tu

˚
ψ ¨ eta, we have

LY pu,aqΘpY pv,bqpψqq “
d

dt

ˇ̌
ˇ
t“0

ΘpY pv,bqpΦt
Y pu,aqpψqqq

“
1

2π

ˆ
d

dt

ˇ̌
ˇ
t“0

ż
´
`
ιvFl´tu

˚
λψ ` ιvd Imptaq

˘
µ `

ż
Im b µ

̇

“
1

2π

ż
pιvLuλψ ´ Lv Im aqµ

and LY pv,bqΘpY pu,aqpψqq “ 1
2π

ş
pιuLvλψ ´ Lu Im bqµ in the same way.

We can now compute

ιY pv,bqιY pu,aqdΘψ “ LY pu,aqιY pv,bqΘψ ´ LY pv,bqιY pu,aqΘψ ´ ιrY pu,aq,Y pv,bqsΘψ

“
1

2π

ż ´
ιvLuλψ ´ Lv Im a ´ ιuLvλψ ` Lu Im b

` ιru,vsλψ ` Lv Im a ´ Lu Im b
¯
µ

“
1

2π

ż `
ιvLuλψ ´ ιuLvλψ ` ιru,vsλψ

˘
µ.

We then simplify the integrand:

ιvLuλψ ´ ιuLvλψ ´ ιrv,usλψ “ pιvLu ´ ιuLv ´ Lvιu ` ιuLvqλψ

“ pιvLu ´ Lvιuqλψ

“ pιvdιu ` ιvιud ´ dιvιu ´ ιvdιuqλψ

“ pιvιud ´ dιvιuqλψ

“ ιvιudλψ ´ 0.

Hence we obtain by the product rule that,

ιY pv,bqιY pu,aqdΘψ “
1

2π

ż
ιvιudλψ µ “ ´

1

2π

ż
dλψ ^ ιuιvµ “ ´

1

2π

ż
λψ ^ dιuιvµ

“
1

2π
xΛpψq, dιvιuµy “

1

2π
xBΛpψq, ιvιuµy

and get the stated expression.
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We are now one step away from proving Theorem 4.2.3. To complete the proof, we show the
next lemma asserting that 1

2π
BΛpψq in (4.2.5) is δΠψ.

Lemma 4.2.13. Let Λ: U Ñ Dm´1pMq be the circle differential map as defined in Defi-
nition 4.2.4 and B : Dm´1pMq Ñ Dm´2pMq be the boundary operator for currents. Then
we have 1

2π
B ˝ Λ “ Π: U Ñ DO. That is, for any ψ P Π´1γ for some γ P O, we have

1
2π

BpΛpψqq “ δγ.

Proof. We have for α P Ωm´2pMq that

xBΛpψq, αy “ xΛpψq, dαy “

ż

M

λψ ^ dα.

As in the proof of Lemma 4.2.5, we have by the coarea formula (Proposition 4.2.6) that,
ż

M

λψ ^ dα “

ż

S1

xδpϕ´1p¨qXMreg ϕq, dαyσ “

ż

S1

xδBpϕ´1p¨qXMreg ϕq, αyσ

where ϕ : Mzψ´1p0q Ñ S
1 is the phase map and M regϕ is the set of regular points of ϕ as in

Lemma 4.2.5.

Due to Sard’s theorem, almost σ-every point of S1 is a regular value of ϕ. Hence we have,
ż

S1

xδBpϕ´1p¨qXMreg ϕq, αyσ “

ż

S1
reg ϕ

xδBpϕ´1p¨qq, αyσ

“

ż

S1
reg ϕ

xδγ, αyσ “ xδγ, αy ¨

ż

S1
reg ϕ

σ “ 2πxδγ, αy

where S
1
regϕ is the set of regular values of ϕ.

We now complete the proof of the theorem.

Proof of Theorem 4.2.3. By Lemma 4.2.12 and Lemma 4.2.13 we have for ψ P Π´1γ and
9ψ “ ´Luψ ` aψ, 8ψ “ ´Lvψ ` bψ that,

dΘψp 9ψ, 8ψq “
1

2π
xBΛpψq, ιvιuµy “ xδγ, ιvιuµy “ ωδγ

p´Luδγ,´Lvδγq “ Π˚ωψp 9ψ, 8ψq.

Lemma 4.2.13 also gives a physical interpretation of the Liouville form Θ in the following
sense.

Corollary 4.2.14 (Liouville form as flux). We have for ψ P U , u P diffpMq,

Θψp´Luψq “ ´
1

2π
Fluxm´1pΛpψq, uq “ ´

1

2π

ż

S1
reg ϕ

Fluxm´1pδϕ´1p¨q, uqσ.

Moreover, if u is exact divergence-free, we have

Θψp´Luψq “ ´ Fluxm´1pδϕ´1psq, uq “ ´ Fluxex
m´2pδΠψ, uq, @s P S

1
regϕ.

Here, Fluxm´1 and Fluxex
m´2 are flux for m´ 1 currents and m´ 2 exact currents respectively

(Definition 2.1.2).
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Proof. The first equality is immediate from Lemma 4.2.13. The second equality follows from
the exactness of the m ´ 1 form ιuµ.

Remark 4.2.15 (Physical interpretation of Θψ). By Sard’s theorem, σ-almost every point of
S

1 is a regular value of the phase map ϕ, and each such point s defines a hypersurface ϕ´1psq.
The first expression in Corollary 4.2.14 indicates that Θp´Luψq measures the average flux
of the vector field u through these phase level hypersurfaces. The second expression in the
corollary shows that if the vector field u is exact divergence-free, the flux through all these
level surfaces are actually the same.

Together with Lemma 4.2.10, we now observe that Θp 9ψq captures the infinitesimal phase shift
of ψ over the space and the flux of vector fields through phase hypersurfaces. In other words,
it is the average of the swept volume by the S

1-family of hypersurfaces tϕ´1psqus.

In this section, we have shown that Θ is a Liouville form for ω in the prequantum sense, that
is, dΘ “ Π˚ω. We conclude this section by noting that Θ does not directly induce a Liouville
form for the symplectic structure ω on O in the classical sense. This is because we cannot
factor Θ onto O, as the kernel of dΠ for Π: U Ñ O is not contained within the kernel of
Θ. For example, for 9ψ “ eic1ψ, 8ψ “ eic2ψ P TψU with some real constants c1 ‰ c2, we have
dΠp 9ψq “ dΠp 8ψq “ 0 P TΠpψqO, but the values Θp 9ψq “ VolpMqc1

2π
and Θp 8ψq “ VolpMqc2

2π
are

different.

However, it is still possible to take a quotient space of U where the Liouville form can descend
onto. This construction actually leads to a prequantum bundle structure, as we will explain in
the next section.

4.3 Prequantum structure

We have shown that each DC-orbit U in the fiber bundle FO “ Π´1O admits a Liouville
form in the prequantum sense for the MW structure on O. The full fiber FO inherits these
symplectic and Liouville structures as FO is a Diff0pMq ̇ C8pM,Cˆq-orbit, foliated by
DC-orbits, as discussed in Section 3.3.

Building on this, we now construct a prequantum bundle as a quotient bundle of FO, equipped
with a connection form whose curvature form recovers the MW symplectic form on O. This
framework enables us to define a unique horizontal lift in FO over a path in O.

Definition 4.3.1 (Prequantum G-bundle). A prequantum G-bundle over a symplectic manifold
pB, βq is a principal G-bundle π : E Ñ B equipped with a connection form α P Ω1pE; gq
satisfying

π˚β “ dα `
1

2
rα ^ αs.

Remark 4.3.2. Definition 4.3.1 relaxes the standard definition of a prequantum bundle, which
often requires the structure group to be a circle or a (complex) line. In fact, the prequantum
bundle we construct in this section, the structure group G is not a circle but copies of a circle
unless the ambient space M has trivial first cohomology. In any either, G is one-dimensional
and hence we have π˚β “ dα without the term 1

2
rα ^ αs, as in the case of a circle bundle.

For a prequantum G-bundle, the vertical and horizontal distributions are defined in the standard
way for principal bundles:
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Definition 4.3.3 (Vertical and horizontal distributions, and horizontal lift). Let π : pE,αq Ñ
pB, βq be a prequantum G-bundle. At each point x P E, the tangent space splits as
TxE “ VxE ‘ HxE, where the vertical distribution is defined by VxE “ ker dπ|x, and the
horizontal distribution is given by HxE “ kerα|x. A horizontal lift of a path tγtut Ă B is
a path tℓtut Ă E satisfying π ˝ ℓt “ γt and Btℓt P HℓtE for all t. Such a lift is uniquely
determined by the choice of the initial point ℓ0.

Theorem 4.2.3 states that the fibration Π: pFO,Θq Ñ pO, ωq is a formal prequantization i.e.,
Π˚ω “ dΘ. However, it is not a prequantum G-bundle since Θ is not a connection form.
Consequently, it does not define a unique horizontal lift: for a path tγtut Ă O, there exist
infinitely many paths tℓtut Ă FO with fixed initial point ℓ0 satisfying dΠpBtℓtq “ Btγt and
Btℓt P ker Θℓt for all t. To define a bundle on which Θ becomes a genuine connection 1-form,
we take the quotient of the tangent space at each ψ P FO by the intersection ker Θ X ker dΠ.
This quotient process is characterized by the following equivalence relation.

Definition 4.3.4 (Volume class and volume bundle). For ψ0, ψ1 P FO, we say ψ0 „P ψ1 if
there is a path tψtutPr0,1s in a DC-orbit joining ψ0 and ψ1 such that Btψt P ker dΠψt

X ker Θψt

for any t. We call each equivalence class rψsP a volume class and the resulting quotient space
P :“ FO{ „P the volume bundle. The tangent space at each rψsP is TrψsP

P “ TψFO{ „P

where 9ψ „P
8ψ if 9ψ ´ 8ψ P ker dΠ|ψ X ker Θ|ψ.

We note that the projection Π: FO Ñ O decomposes into two projections: πP : FO Ñ P
and ΠP : P Ñ O. By construction, the Liouville form Θ descends to a 1-form ΘP P Ω1pPq
by π˚

PΘP “ Θ. Since dΘ “ Π˚ω, we have dΘP “ Π˚
Pω, and therefore the fibration

ΠP : pP ,ΘPq Ñ pO, ωq is a formal prequantization.

In addition, the volume bundle P forms a principal G-bundle over O, where the structure
group is G “ S

1 ˆ H1
dRpM,Zq, acting on P as follows. We first define a circle action by

constant phase shift:

eic ▷ rψsP :“ rψeicsP , for ψ P F , eic P S
1. (4.3.1)

As shown in Proposition 3.3.3, each fiber Π´1γ may contain multiple connected components
indexed by the discrete group H1

dRpM,Zq. The S
1-action (4.3.1) is free and transverse within

each connected component.

We may further specify a group action of H1
dRpM,Zq on P as a deck transformation between

the connected components of each fiber. That is, it is a fiber-preserving action that maps
points from one connected component of a fiber to another component. We fix a lattice basis
rη1s, . . . , rηns for H1

dRpM,Zq, where n is the first Betti number of M . Recall that there is an
isomorphism

i : C8pM,Cˆq{ ExppC8pM,Cˆqq Ñ H1
dRpM,Zq

rκs ÞÑ
“
Im 1

2π
dκ
κ

‰
.

Choose arbitrary representatives τi P C8pM,Cˆq of i´1rηis for i “ 1, . . . , n. Using these
functions τi, we define the action of H1

dRpM,Zq by

rηs ▷ rψsP :“ rτ c1
1 ¨ ¨ ¨ τ cn

n ¨ ψsP , ψ P F , rηs “ rc1η1 ` . . . ` cnηns P H1
dRpM,Zq.
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4. Prequantum structure on the space of implicit representations

These S
1- and H1

dRpM,Zq-actions together define a G “ S
1 ˆ H1

dRpM,Zq-action

peic, rηsq ▷ rψsP “ reicτ c1
1 ¨ ¨ ¨ τ cn

n ψsP , eic P S
1, rηs P H1

dRpM,Zq, (4.3.4)

which is free, transverse, and fiber preserving. We thus obtain the following result.

Proposition 4.3.5. The fibration πP : F Ñ O equipped with the above action of G “
S

1 ˆ H1
dRpM,Zq is a principal G-bundle.

We now define scaled versions of the MW form ω P Ω2pOq and the Liouville form ΘP P Ω1pPq
and show that the latter defines a connection form on P. Let us define the normalized
MW form and Liouville form ωN :“ Nω and ΘN

P :“ N ΘP with the normalization factor
N “ 2π{ VolpMq.

Proposition 4.3.6. On the principal G-bundle ΠP : P Ñ O defined above, the 1-form ΘN
P is

a connection form. That is, ΘN
P satisfies the following two properties:

1. Equivariance under the G-action Φg : P Ñ P ; i.e., Φ˚
gΘP “ ΘP for every g P G.

2. Vertical reproducibility; i.e., there exists a nonzero constant C ‰ 0 such that ΘPpξ̂q “ Cξ

for any ξ P g and its fundamental vector field ξ̂ P ΓpTPq.

Proof. We first verify equivariance. Let g “ peic, r
ř
i ciηisq P G “ S

1 ˆ H1
dRpM,Zq, and

denote by Φg the g-action (4.3.4). By direct computation, we have

ΘN
P |ΦgprψsP qprΦg˚ 9ψsPq “

1

VolpMq

ż
Im

9ψeicτ c1
1 ¨ ¨ ¨ τ cn

n ¨ ψeicτ c1
1 ¨ ¨ ¨ τ cn

n

|ψeicτ c1
1 ¨ ¨ ¨ τ cn

n |2
µ

“
1

VolpMq

ż
Im

9ψ ¨ ψ̄

|ψ|2
µ “ ΘP |rψsP

pr 9ψsPq,

where ψ P FO and 9ψ P TψFO are any representatives of rψsP and r 9ψsP respectively.

Next, we verify vertical reproducibility. Let ξ P g “ Tp1,r0sqG “ T1S
1 “ R, and let ξ̂ P ΓpTPq

be the corresponding fundamental vector field, defined by

ξ̂prψsPq “

„
d

dt

ˇ̌
ˇ
t“0
eiξtψ

ȷ

P

“ riξψsP .

Then, we have

ΘN
P |rψsP

pξ̂q “
1

VolpMq

ż
Im

iξψψ̄

|ψ|2
µ “ ξ

Since ΘN
P and ωN are constant multiples of ΘP and ω, all the results established so far applies

except Proposition 4.3.6. Therefore, combining the results that ΠP : pP ,ΘPq Ñ pO, ωq is a
formal prequantization (Theorem 4.2.3) and a principal G-bundle with G “ S

1 ˆ H1
dRpM,Zq

(Proposition 4.3.5), and that ΘN
P is a connection form (Proposition 4.3.6), we obtain the main

theorem.
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4.3. Prequantum structure

Theorem 4.3.7. The fibration ΠP : pP ,ΘN
P q Ñ pO, ωN q is a prequantum G-bundle with

G “ S
1 ˆ H1

dRpM,Zq.

Remark 4.3.8 (Role of normalization). We normalized the MW form ω and the Liouville form
ΘP for two reasons, while noting that our results are essentially unaffected by the presence or
absence of normalization.

The first reason is to align our setting with the standard definition of vertical reproducibility of
a connection form, Θpξ̂q “ ξ for ξ P g. Without normalization we have Θpξ̂q “ 1

N
ξ instead,

which is harmless: one may relax the definition to allow a constant factor, and all of our results
remain valid.

Second, normalization makes ω physically natural in terms of physical units. Note that the
value ωp´Luδγ,´Lvδγq “

ş
γ
ιvιuµ carries the dimension of lengthm { time2 as u, v have

length { time, so
ş

Σ
ω for a topological disc Σ Ă O has unit lengthm. Thus, multiplying ω by

the factor 2π{ VolpMq makes its unit radius, canceling lengthm. By relaxing the definition of
vertical reproducibility as above, one could even use 1{ VolpMq as the normalization factor to
make ω dimension-less.

Additionally the prequantizability of a symplectic form on O is often expressed in the literature
[HV03] : “ω is prequantizable if VolpMq “ 2π or if it is of integral class times 2π”. However,
the specific value of VolpMq depends on the unit of measurement e.g., cubic meter m3 and
cubic yard yd3 in 3D. We believe that the choice of unit for VolpMq should not affect the
prequantizability of the mechanics on the space. This motivates our normalization to remove
this artificial dependence.

Using either the normalized or the unnormalized connection form ΘP , each tangent space
TrψsP

P splits into the vertical distribution VrψsP
P “ ker dΠP |rψsP

and the horizontal distri-
bution HrψsP

P “ ker ΘP |rψsP
. Since ker dΠP |rψsP

“ ker dΠ{ ker Θ|ψ for any representative
ψ P π´1

P rψsP , and Θ P Ω1pFOq decomposes the tangent space TψFO into codimension-1
hyperplanes as the level sets of Θψ, the vertical distribution VrψsP

P has precisely one dimension.

Hence we can now define a unique horizontal lift on P (Definition 4.3.3) over a path in O. In
light of Remark 4.2.15, this horizontal lift can be interpreted as the evolution of the implicit
representation rψsP such that the average swept volume of phase level hypersurfaces remains
zero at all times. That is, for any representative ψt of a horizontal lift rψtsP , we have for the
family of phase hypersurfaces tσst usPS1 defined by σst “ ϕ´1

t psq,

1

2π

ż

S1

ż

σs
t

ιBtσ
s
t
µ ds “ 0

at each t where Btσ
s
t is the velocity defined on each hypersurface σst .

This also reveals a geometric interpretation of the MW form as the curvature form of the
Liouville form ΘP , measuring the holonomy induced by parallel transport on P over a closed
path in O:

Corollary 4.3.9 (Average swept volume). Consider a closed path BΣ in O that bounds a
2-dimensional disk Σ, representing a cyclic motion of a codimension-2 submanifold γt Ă M

for 0 ď t ď 1, with γ0 “ γ1 and let rψtsP be a horizontal lift over γt with respect to ΘP .
Suppose rψ0sP and rψ1sP are on the same connected component of the fiber Π´1

P γ. Then, for
representatives ψ0 and ψ1 of rψ0sP and rψ1sP , the volume enclosed between phase hypersurface
σs0 and σs1, averaged over s P S

1, equals to
ť

Σ
ω, where ω is the MW form on O.
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4. Prequantum structure on the space of implicit representations

Proof. The integral of the curvature is given by the monodromy of the parallel transport in
P over a closed path bounding Σ in O, which is measured by the connection form ΘN

P (and
unnormalized form ΘP corresponding to ω). That is,

ż

Σ

ωN “

ż 1

0

ΘN
P

ˆ
d

dt

`
eiArgprψ1sP ,rψ0sP qt

▷ rψ1sP

˘̇
dt “ Argprψ1sP , rψ0sPq mod 2π,

where Argprψ1sP , rψ0sPq P R{2πZ is defined by eiArgprψ1sP ,rψ0sP q
▷ rψ1sP “ rψ0sP when rψ0sP

and rψ1sP are in the same connected component of a fiber. Explicitly,

Argprψ1sP , rψ0sPq “ arg

ż
ψ̄1ψ0 µ

with any representatives ψ0, ψ1.

For unnormalized forms ω and ΘP , the result is multiplied by 1{N “ VolpMq{2π,

ż

Σ

ω “

ż 1

0

ΘP

ˆ
d

dt

`
eiArgprψ1sP ,rψ0sP qt

▷ rψ1sP

˘̇
dt “

VolpMq

2π
Argprψ1s,Prψ0sPq mod VolpMq,

Let us now consider any path tψt1ut1Pr0,1s Ă Π´1γ0 joining representatives ψ1 and ψ0 within
the fiber. As observed in Remark 4.2.15, the Liouville form Θ measures the infinitesimal swept
volume of the phase level hypersurfaces σst averaged in S

1. Therefore, the integral of Θ along
ψt1 is the average signed volume enclosed by pairs tpσs1, σ

s
0qus, which is formally

VolpMq

2π
Argprψ1sP , rψ0sPq “

ż 1

0

Θp 9ψt1qdt
1 “

ż

S1

VolpB´1pσ0
s ´ σ1

sqqds mod VolpMq.

In the proof, we used a known fact that the integral of curvature form is the monodromy
of parallel transport measured by the connection form. In Section 4.5, we gave a precise
statement and a proof.

As illustrated in Figure 3.4, we may compress the phase field so that it is non-constant only
within narrow bands. By considering a limiting case of Corollary 4.3.9, where argψt :“
Mzψ´1p0q Ñ T

1 becomes constant except a 2π jump at on a single hypersurface σt bounding
γt, we obtain the following:

Corollary 4.3.10 (Swept volume by a hypersurface). Let Σ Ă O and tγtutPr0,1s Ă M be as
in Corollary 4.3.9. Suppose that each γt bounds a hypersurface, i.e., γt “ Bσt, and that the
volume swept out by σt remains zero at each t, meaning

ş
σt
ιBtσt

µ “ 0. Then, the volume

enclosed between σ0 and σ1 is given by
ť

Σ
ω.

Note that the interpretation of the MW form in Corollary 4.3.10 reduces to the swept volume
of a single surface, no longer explicitly involving the complex function.

Remark 4.3.11. Corollary 4.3.10 can also be shown directly in the framework for the explicit
shape space (Section 2.3.2). Let us take an m´1 dimensional submanifold σ0 of M bounding
some γ0 P O, and consider the orbit S :“ Diff0pMq ▷ σ0, where the action is defined by
f ▷ σ “ f ˝ σ for f P Diff0pMq and σ P S. Then π : S Ñ O is a fiber bundle where the
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4.4. Additional structures

fibration is given by the boundary operator, i.e., πpσq “ Bσ, and the tangent space at each σ
is TσS “ tu ˝ σ | u P diffpMqu.

Define a 1-form η on S by ησpu ˝ σq “ Fluxm´1pδσ, uq where δσ is a de Rham m´ 1 current
of σ. Then η serves as a formal prequantization, i.e., dη “ π˚ω, which can be shown in a
manner similar to the proof of Theorem 2.3.3. For a path tγtu Ă O, there exist infinitely
many lifts tℓtu Ă S such that Btℓt P ker η for all t, but the notion of no swept volume still
makes sense, and we recover Corollary 4.3.10.

4.4 Additional structures

Our implicit representations of shapes and the resulting prequantum bundle structure reveal
some additional structures.

4.4.1 Hamiltonian systems on the space of implicit representations

In Section 2.3.1, we reviewed Hamiltonian vector fields on each Diff0pMq-orbit O in the
explicit shape space with respect to the MW form ω. We now consider Hamiltonian vector
fields in the implicit shape space FO “ Π´1O.

Define a closed 2-form Z̃ on FO by Z̃ :“ Π˚ω. The closedness of Z̃ follows from that of ω.
Note that Z̃ is degenerate with ker Z̃ “ ker dΠ, which is infinite-dimensional. Hence, Z̃ is
not symplectic but merely a presymplectic form, in contrast to ω being symplectic.

Consequently, Hamiltonian vector fields are defined only up to ker Z̃. Let H : O Ñ R be a
function with dH P im 5ω, and define H : FO Ñ R by H “ H ˝ Π. We say that any vector
field XH P ΓpTFOq satisfying dH “ ιXH

Z̃ is a Hamiltonian vector field of H, despite the
non-uniqueness.

Horizontal Hamiltonian vector fields

The prequantum structure we have built allows a canonical choice among these Hamiltonian
vector fields. We can define a unique horizontal Hamiltonian vector field on the prequantum
bundle P over a Hamiltonian vector field on O, using ΘP as the connection form.

Since H “ H ˝ Π is by construction constant along each fiber Π´1γ over γ P O, it descends
onto P as a function HP “ H ˝ ΠP defined using ΠP : P Ñ O. Then there is one degree of
freedom within the vector fields XHP

P ΓpTPq satisfying dHP “ ιXHP
ZP where ZP :“ Π˚

Pω

is a presymplectic structure on P . Among these, the horizontal Hamiltonian vector field is the
unique one additionally satisfying the horizontality condition XHP

P HrψsP
P “ ker ΘP |rψsP

at
each rψsP P P .

Momentum maps

Momentum maps can also be defined for presymplectic structures Z̃ “ Π˚ω P Ω2pFOq in much
the same way as for the MW symplectic structure ω explained in Section 2.3.3. Given an action
of a Lie group G on FO, we say that J : FO Ñ g˚ is a momentum map if dxJp¨q, ξy “ ιξ̂Z̃ for

any ξ P g and its corresponding fundamental vector field ξ̂ P ΓpTFOq. When the Hamiltonian
H is invariant under the G-action, Jpψtq P g˚ is conserved along the Hamiltonian flow ψt.

Similar to the case of the Liouville form η for the MW symplectic form ω on the explicit shape
space O, the Liouville form Θ of the presymplectic form Z̃ in the implicit shape space FO can
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4. Prequantum structure on the space of implicit representations

describe conserved quantities of Hamiltonian flows. When Θ is invariant under the G-action,
the corresponding conserved quantity Jpψq satisfies xJpψq, ξy “ ´Θpξ̂pψqq, up to an additive
constant.

As observed in Section 2.3.3, the Liouville form η for the MW form ω on UEmbpS,Rmq is not
invariant under the action of the entire SDiff`pRmq, but only under the volume-preserving
linear transformations in SLpRmq. In contrast, the Liouville form Θ in the implicit shape space
FO is invariant under the entire group SDiff`pMq. We, however, acknowledge that their
settings differ: η on O is the Liouville form in the classical sense i.e., dη “ ω and the ambient
manifold M has an exact volume form, whereas Θ on FO is defined in the prequantum sense
i.e., dΘ “ π˚ω and the ambient manifold is a closed manifold M .

To see the invariance of Θ under the SDiff`pMq-action, denote by Rf : ψ ÞÑ ψ ˝ f´1 the
action of f P SDiff`pMq on ψ P F . A direct computation shows that Rf˚

9ψ “ 9ψ ˝ f´1 for
9ψ P TψFO. Then, using f˚µ “ µ, we have

ΘRf pψqpRf˚
9ψq “ Θψ˝f´1p 9ψ ˝ f´1q

“
1

2π

ż
Im

9ψ ˝ f´1 ¨ ψ ˝ f´1

|ψ ˝ f´1|2
µ

“
1

2π

ż
Im

9ψ ¨ ψ

|ψ|2
f˚µ “ Θψp 9ψq.

Note that the fundamental vector field û P ΓpTFOq of u P sdiffpMq with respect to the
SDiff`pMq-action on FO is given by ûpψq “ ´Luψ. Therefore, the corresponding momentum
map J : FO Ñ sdiffpMq˚ is computed as

xJpψq, uy “ ´Θψp´Luψq “
1

2π
Fluxm´1pΛpψq, uq,

where Λpψq P Dm´1pMq is the circle differential current (Lemma 4.2.13) and Fluxm´1 is the
flux functional (Definition 2.1.2). In the case where u is exact divergence-free i.e., ιuµ is exact,
this further reduces to xJpψq, uy “ Fluxex

m´2pδΠψ, uq. This refers only to the explicit shape
Πψ P O and coincides with the momentum map on O given in Example 2.3.11.

4.4.2 Marsden–Weinstein structure in terms of implicit
representations

Just as EmbpS,Mq provides parametrizations of unparametrized shapes UEmbpS,Mq, we
may regard FO “ Π´1O as another parametrization space for an orbit O in UEmbpS,Mq.
This perspective allows us to express the MW form ω in terms of implicit representations.

Let Z̃ “ Π˚ω be the presymplectic form on FO defined in the previous subsection, and let us
now suppose that pM,µq is equipped with a Riemannian metric inducing the volume form µ.
Then Z̃ admits an explicit expression, as we describe below.

At each zero p P ψ´1p0q, the tangent space decomposes as TpM “ TpγpSq ‘ NpγpSq with
respect to the given Riemannian metric g. We can choose a unit frame field pn1, n2q over
the normal bundle NγpSq such that µpBs1

γ, . . . , Bsn
γ, n1, n2q ą 0 for any local coordinates

ps1, . . . , snq consistent with the orientation of S.

Let dψN : NpγpSq Ñ R
2 be the restriction of the differential dψ : TpM Ñ C » R

2 to the
normal space NpγpSq. This is a linear map between real 2-dimensional vector spaces, and
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is invertible since dψ is surjective on ψ´1p0q by the definition of F . We define the value
detpdψNq P R

ˆ by

detpdψNq νNp¨, ¨q “ νCpdψN ¨, dψN ¨q

using the area form νN on NγpSq induced by g, and the standard area form νC on C, defined
by νCph, kq “ Rephik̄q for h, k P C. Note that det dψN depends on the choice of Riemannian
metric g, but is independent of the choice of the frame field pn1, n2q. The following proposition
gives an explicit expression for Z̃ψ.

Proposition 4.4.1. Given a Riemannian metric g on M , the presymplectic form Z̃ψ is explicitly
written as

Z̃ψp 9ψ, 8ψq “

ż

tψ“0u
detpdψ´1

N q Rep 9ψ i 8̄ψq dHn, (4.4.1)

where dHn is the n-dimensional Hausdorff measure induced by g.

We note that in (4.4.1), both detpdψ´1
N q and dHn depend on the metric g, but their product

is independent of g.

Proof. Let γ “ Πψ and 9ψ “ ´Luψ ` aψ, 8ψ “ ´Lvψ ` bψ with u, v P DiffpMq and
a, b P C8pM ;Cq. From dΠp 9ψq “ ´Luδγ P Tδγ

DO and dΠp 8ψq “ ´Lvδγ, we have

Π˚ωp 9ψ, 8ψq “ ωp´Luδγ,´Lvδγq “

ż

γ

ιvιuµ “

ż

γ

ιvKιuKµ

where uK, vK denote the orthogonal projections of u, v onto the normal space with respect to
g on the zeros, which are defined on ψ´1p0q.

From uK “ dψ´1
N

9ψ and vK “ dψ´1
N

8ψ, we have
ż

γ

ιvKιuKµ “

ż

γ

µpdψ´1
N

9ψ, dψ´1
N

8ψ, ¨ ¨ ¨ q

“

ż

γ

νN

´
dψ´1

N
9ψ, dψ´1

N
8ψ
¯
ιn2
ιn1
µ

“

ż

γ

detpdψ´1
N qνCp 9ψ, 8ψqιn2

ιn1
µ,

which reads the stated expression.

Riemannian and Kähler structures

We can also describe Riemmanian and formal Kähler structures we defined in Section 2.3.4 in
terms of implicit representations.

We first observe a relation between the presymplectic form Z̃ and the standard symplectic struc-
ture on the space of complex valued functions. The expression (4.4.1) of Z̃ in Proposition 4.4.1
appears similar to the symplectic structure on C8pM,Cq given by

Zp 9ψ, 8ψq “

ż

M

Rep 9ψi 8̄ψqµ
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for 9ψ, 8ψ P TψC
8pM,Cq “ C8pM,Cq, which forms a Kähler structure, together with a

Riemannian metric

Gp 9ψ, 8ψq “

ż

M

Rep 9ψ 8̄ψqµ

and the almost complex structure J̃i : 9ψ ÞÑ i 9ψ on C8pM,Cq. In light of this, it is tempting
to define a degenerate Riemannian metric B̃ on FO by B̃p¨, ¨q “ Z̃p¨, J̃i¨q. Explicitly,

B̃ψp 9ψ, 8ψq “

ż

tψ“0u
det dψ´1

N Rep 9ψ 8̄ψq dHn.

Then pB̃, Z̃, J̃iq is formally a degenerate Kähler structure. At a glance, this setting seems
natural and intrinsic as it does not require any Riemannian metric of the ambient manifold unlike
the formal Kähler structure pG, ω,J q on the explicit shape space, explained in Section 2.3.4.

However, we emphasize that the triple pB̃, Z̃, J̃iq on FO does not descend onto the base space
O. To see this, first note that the presymplectic form Z̃ is by design invariant under the action
of DCγ “ DiffγpMq ̇ C8pM,Cq on each fiber Π´1γ over γ P O and ker Z̃ψ agrees with

ker dΠψ “ t´Luψ ` φψ | pu, φq P diff0pMq ̇ C8pM,Cq s.t. ´ Luδγ “ 0u.

Hence Z̃ descends onto O and defines the MW symplectic structure ω by Z̃ “ Π˚ω̃.

However, both B̃ and J̃i do not descend onto O, and hence fail to define a Riemannian metric
and an almost complex structure on O, as shown in the following example. In particular, the
diagram

TFO TFO

TO TO

J̃i

dΠ dΠ

J

does not commute.

Example 4.4.2. The almost complex structure J̃i behaves differently at ψ0 and ψ1 in the
same fiber Π´1γ if they are in different conformal classes (Definition 3.3.4).

Consider the setting in Example 3.3.2 where ψ0px, yq “ x ` iy and ψ1px, yq “ x ` y ` iy

on R
2 so Πψj “ δ0 for j “ 0, 1. With a fixed vector field upx, yq “ p1, 0q on R

2, we
have Luψj “ 1 and J̃ipLuψjq “ i ¨ 1 “ i for both j “ 1, 2. However, observe that
J̃ipLuψjq “ i “ Luj

ψj with different fixed vector fields u0px, yq “ p0, 1q and u1px, yq “ p1, 1q.
Namely dΠpJ̃ipLuψjqq “ dΠ|ψj

piq “ ´Luj
δ0 for j “ 1, 2 yield different motions of the zero

i.e., ´Lu0
δ0 ‰ ´Lu1

δ0.

The ill-definedness of J̃i for different conformal classes also affects the degenerate Riemannian
structure B̃. For the above ψ0 and ψ1 we have

detpdψjq “ det

ˆ
1 0

0 1

̇
“ 1

for both j “ 0, 1 with respect to the standard Euclidean metric, and hence B̃ψj
p 9ψj, 8ψjq “

Rep 9ψj 8̄ψjq. With a vector field v “ p0, 1q, we have Lvψ0 “ i and Lvψ1 “ 1 ` i, namely

B̃ψ0
pLvψ0,Lvψ0q “ Re pi ¨ p´iqq “ 1,

B̃ψ1
pLvψ1,Lvψ1q “ Re pp1 ` iq ¨ p1 ´ iqq “ 2.

Thus neither of J̃i nor B̃ descends to O.
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We may still construct a degenerate Riemannian metric on FO that descends onto O. Let us
define a degenerate metric G̃ on FO by pulling back the metric G on O defined in Section 2.3.4:

G̃ “ Π˚G.

Explicitly, we have

G̃ψp´Luψ ` aψ,´Lvψ ` bψq “ Gδγ
p´Luδγ,´Lvδγq “

ż

γ

ιv̂ιuµ,

for ´Luψ ` aψ,´Lvψ ` bψ P TψFO where γ “ Πψ, and v̂ is any vector field satisfying
v̂ ˝ γ “ J pv ˝ γq for the almost complex structure J : TO Ñ TO defined on O.

The degenerate metric G̃ is compatible with the presymplectic form Z̃ through the homomor-
phism J̃ : TFO Ñ TFO defined by

J̃ψp´Lvψ ` φψq “ ´Lv̂ψ ` iφψ,

where, again, v̂ is chosen so that v̂ ˝ γ “ J pv ˝ γq. In general, J̃ may not satisfy J̃2 “ ´id

pointwise, so it may fail to be an almost complex structure on FO. However, the failure is
controlled: the difference J̃ ˝ J̃p 9ψq ´ p´idqp 9ψq “ pJ̃ ˝ J̃ ` idqp 9ψq lies in ker dΠ|ψ for any
9ψ P TψFO. Thus, the following diagram commutes:

TFO TFO

TO TO

J̃

dΠ dΠ

J

By construction, both G̃ and J̃ descend to the shape space O, defining the Riemmanian and
the almost complex structure G and J , hence forming a formal Kähler structure pG, ω,J q on
O.

4.5 Appendix: Curvature as monodromy

In the proof of Corollary 4.3.9 in this chapter and Corollary 7.3.5 in Chapter 7, we use the fact
that the integral of curvature form is given as the monodromy of a horizontal lift, measured
by a connection form. This is formalized as the following proposition.

Proposition 4.5.1. Let π : pE,αq Ñ pB, βq be a prequantum circle bundle and Σ be a
topological disc in B. Consider any smooth path x : r0, 1s Ñ E such that it is horizontal with
respect to α and π ˝ x parametrizes the closed curve BΣ Ă B. Then we have

ż

Σ

β “ Argpxp1q, xp0qq mod 2π

where Argpxp1q, xp0qq P r0, 2πq is defined by eiArgpxp1q,xp0qq
▷ xp1q “ xp0q.

Proof. First consider any smooth lift ℓ of Σ to E which is diffeomorphic in its image and
contains xp0q. Let y : r0, 1s Ñ E be the parametrization of BpℓpΣqq such that πpxptqq “
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4. Prequantum structure on the space of implicit representations

πpyptqq for any t. Since y is a closed curve bounding a topological disc ℓpΣq, we have by the
Stokes theorem that

ż

Σ

β “

ż

πpℓpΣqq
β “

ż

ℓpΣq
π˚β “

ż

ℓpΣq
dα “

ż

BpℓpΣqq
α “

ż 1

0

y˚α.

We now define a non-closed path ỹ : r0, 1s Ñ E by

ỹptq “ e´i
şt

0
y˚α

▷ yptq.

The path ỹ is horizontal with respect to α, which can be verified by direct computation.

Since yp1q “ yp0q “ ỹp0q by definition, we have

ỹp1q “ e´i
ş1

0
y˚α

▷ yp0q “ e´i
ş1

0
y˚α

▷ ỹp0q

and hence
ż

Σ

β “

ż 1

0

y˚α “ Argpỹp1q, ỹp0qq.

Finally, since x̃p0q “ ỹp0q by design, we have x “ ỹ due to the uniqueness of the horizontal
lift for a given initial point, which concludes the proof.

As in Corollary 4.3.9, when the connection form a has scaling factor in vertical reproducibility,
the result of Proposition 4.5.1 is modified. For a connection α with a scaling factor 1{N in
vertical reproducibility i.e., αpξ̂q “ 1

N
ξ for ξ P g and its fundamental vector field ξ̂, we have

ż

Σ

β “
1

N
Argpxp1q, xp0qq mod

2π

N

since the horizontal vector field ỹ in terms of a path y in the proof becomes ỹptq “ e´iN
şt

0
y˚α

▷

yptq. Consequently, we have ỹp1q “ e´iN
şt

0
y˚α

▷ỹp0q and hence 1
N

Argpỹp1q, ỹp0qq “
ş1

0
y˚α “ş

Σ
β.
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CHAPTER 5
Hidden degrees of freedom in implicit

vortex filaments

Figure 5.1: The time evolution of highly knotted vortex filaments. Our implicit description
represents the dynamics of filaments as the zero levelsets of space-time complex-valued func-
tions, which automatically handles topological changes of curves without yielding singularities.

This chapter is largely a reprint of the article:

Sadashige Ishida, Chris Wojtan, and Albert Chern. Hidden degrees of freedom in implicit
vortex filaments. ACM Transactions on Graphics, 41(6), 2022.

This chapter develops a computational method for the dynamics of space curves, with emphasis
on its applications to vortex filaments in fluid dynamics. Instead of representing these filaments
with explicit curve geometry and Lagrangian equations of motion, we describe them using
implicit representations via a class of complex functions. We leverage their redundant degrees
of freedom in both the configuration and the dynamics, which can be tailored specifically to
mitigate numerical instability that native approaches suffer from.

For handling chaotic systems specifically, we introduce untwisted Clebsch variables and non-
swirling dynamics, which regularize sources of numerical instability, particularly in the twisting
modes around curve filaments. Built on these, our simulation method robustly produces the
dynamics of large numbers of interacting vortex filaments and effortlessly handles topological
changes and re-connection events.

Changes from the original publication This chapter contains a few updates from the
article [IWC22]. We provide a more precise definition of the equivalence class of complex
functions that represent the same space curve. The discussion and results concerning the twist
of complex functions have also been revised to reflect this refined definition.
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5. Hidden degrees of freedom in implicit vortex filaments

Dependency of the chapter This chapter is self-contained, as it reintroduces the necessary
concepts from previous chapters. Readers interested in the theoretical foundations of implicit
representations may find Chapter 3 useful.

5.1 Introduction

The deformation of space curves is an interesting topic in many subjects such as differential
geometry, low-dimensional topology, classical and quantum fluid mechanics, and electromag-
netism. One example from fluid mechanics is the dynamics of vortex filaments. In a nearly
inviscid fluid, vorticity originates from codimension-1 interfaces or obstacle surfaces. The vortex
sheets subsequently roll up into codimension-2 vortex filaments, due to the Kelvin–Helmholtz
instability. Hence, most physical inviscid fluids have their vorticity concentrated into a sparse
set of space curves, rather than distributed evenly throughout space. Based on this observation,
certain physical equations model fluids only with dynamically deforming space curves. Many
fluid simulation methods take advantage of this sparsity structure.

One major challenge for an explicit (Lagrangian) filament-based fluid solver is to handle
reconnection events when filaments collide. Without any reconnection, the total length of
filaments can grow exponentially, exploding the computational cost and halting the solver.
Hence, existing explicit filament simulators include a tedious process of collision detection
followed by non-differentiable heuristic geometry surgeries.

To that end, implicit (Eulerian) curve representations are more appealing. The recently
emerging Clebsch representation expresses vortex lines as level sets of a 2-dimensional-valued
function called Clebsch variables [Cle59]. Like any level set method, topological changes of
level set geometries occur gracefully. The difficulty, however, in a Clebsch-based fluid solver is
in the dynamics of the Clebsch variables. The Clebsch variables satisfy the transport equation
advected with the fluid velocity, which unfortunately behaves in a swirling motion with a
high-spatial frequency and singularities near the vortex filaments. Such a rough transporting
vector field is hard to resolve accurately in a computational grid. Even if the transport equation
is computed accurately, the level set function will quickly evolve into a twisted and distorted
function that is difficult to deal with.

This chapter develops a new approach for describing the geometry and dynamics of filaments
with implicit curve functions. Our main insight is that the problem has a huge number of
redundant degrees of freedom: both the velocity field and the level set function (i.e., the
Clebsch representation) can be varied in ways that do not change the solution. We exploit
these additional degrees of freedom to ensure stable numerical simulation and automatic
handling of topological changes, without sacrificing accuracy. In particular, we choose an
untwisted Clebsch representation for the level set geometry, and non-swirling dynamics for
advecting vortex filaments. We regularize these functions by identifying and constraining
hidden degrees of freedom in their representations, allowing us to greatly improve numerical
robustness compared to naive implementations.

Our algorithm is the first method for animating implicit vortex filament geometry with automatic
topological changes. Our mathematical formulation offers new tools for future research on
fluid simulation and curve geometry processing, and our results show greatly improved stability
compared to a standard level set implementation, with fewer user parameters than for explicit
Lagrangian filament techniques.
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5.2 Related work

We review previous work, highlighting numerical methods for simulating the time evolution of
vorticity in incompressible fluids. These vortex-capturing schemes seek a useful representation
of the vorticity and solve its governing equations of motion.

Explicit vortex methods In previous vortex methods, vortices are represented either as parti-
cles [GLG95, PK05, SRF05, ZB14, Ang17], filaments [CK`00, AN05, WP09, WP10, PCK`19],
segments [Cho90, XTZ`21], sheets [BKB12, PTG12, DBWG15] or volumes [ETK`07, ZBG15].
Vortex particle methods represent vortices as a disconnected point cloud. However, the strength
of vortex per particle or per unit volume [ZBG15] undergoes a numerically unstable vortex
stretching, requiring an artificial clamping or diffusion that sacrifices accuracy. The stretching
problem is avoided by representing vorticity per filament, segment, or sheet, or per unit area
using differential 2-forms [ETK`07]. However, describing vortex explicitly (Lagrangian method)
with filaments, segments and sheets comes with a cost of sophisticated and heuristic treatment
for changes of vortex topology. Volumetric (Eulerian) methods [ETK`07] do not require
managing topological changes, but they do not have a handle on codimensional structures.
Our codimension-2 level set method is an Eulerian method that can represent sharp filament
structures without any additional difficulty from vortex reconnection.

Clebsch representations Another Eulerian representation of vorticity is to describe vortex
lines as the level sets of a 2D-valued function known as the Clebsch variable [Cle59, Lam95]. The
representation was not widely adopted since all R2-valued Clebsch variables can only describe
fluids with zero helicity [CKPS17]. The helicity problem is solved by using a sphere-valued
Clebsch variable [KM80] which can represent nonzero (though quantized) values of helicity.
Since the recognition of these “spherical” Clebsch maps, they have become an established
method for vortex representation in computer graphics [CKP`16, CKPS17, YXZ`21]. However,
Clebsch variables represent a smooth vorticity field by the continuum of level sets of all values.
It remains a challenge to represent a sharp codimension-2 filament, especially with a limited
grid resolution. By contrast, our method represents a sharp filament just as the zero set of
a complex-valued function. Moreover, we show in Section 5.4.1 that our representation can
actually resolve continuous values of helicity (as opposed to the quantized values mentioned
earlier).

Dynamics of Clebsch variables In addition to the implicit representation of vorticity,
Clebsch variables also play significant roles in a variational and Hamiltonian formulation for the
incompressible Euler equation [Cle59, Lam95, Mor98, Che17]. In short, one (of many possible)
governing equation(s) for the Clebsch variable is exceedingly simple: the Clebsch variable is
advected by the fluid velocity. This equation of motion is recently adopted by [YXZ`21].
However, referred to as the Lagrangian chaos, a direct transportation by the fluid velocity
quickly stirs and twists any variable to a distorted one unresolved by the finite computational
grid [QZG`19]. The Clebsch variable is no exception under such dynamics. The method of
Schrödinger’s Smoke [CKP`16] bypassed the Lagrangian chaos: its total energy (Hamiltonian)
includes the Dirichlet energy of the Clebsch variable, which is therefore bounded for all time.
However, while the dynamics of Schrödinger’s Smoke appear to be similar to that of Euler’s
equation, it is only an approximation to the Euler fluid. There is still a large degree of freedom
in the Clebsch representation and its dynamical system. Finding an equation of motion for
the Clebsch variable that both describes the correct Euler fluid without Lagrangian chaos is
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5. Hidden degrees of freedom in implicit vortex filaments

an unexplored research topic. This chapter describes an instance of a Lagrangian-chaos-free
dynamical system for an implicit representation of vortex filaments.

Implicit filament representations We represent filaments as the zero set of a complex-
valued function. These zero sets of a complex phase field are widely studied in condensed matter
physics as topological defects appearing in superfluids and superconductors [BBH`94, Pis99].
These topological defect models also facilitate singularity placements in flow analysis and
geometry processing [WPS14, SVB17, PBS20]. Complex phase field models are taken more
generally as high-codimensional level set representations by [AS96, RMXO01, BCMO01, Min04].
However, in the physics and geometry processing literature, the level set functions have specific
physical meanings such as the phase of a wave, leaving little room for a smoother representative.
In most cases, the phase field has norm 1 except for a sudden dip to 0 near the filaments,
creating a configuration that is difficult to resolve efficiently on a computational grid. In the
level set method literature, the norm-1 condition is often adopted for (re)initializing the level
set functions despite the discontinuity [RMXO01]. The complex phase is constructed locally
with little discussion about global topological obstruction. [BCMO01] addressed the challenges
in reinitializing the multi-component level set functions; by mimicking the codimension-1
signed distance functions, they propose a sophisticated reinitialization by solving a “manifold
eikonal equation” along the isosurface of each function component. Unfortunately the process
will not resolve the twists of the framed curve. To our knowledge, there has not been a
thorough discussion about the degrees of freedom in the implicit filament representations or in
their dynamics until now.

In this chapter, we explore the degrees of freedom of both the codimension-2 level set functions
and their equations of motion. We further provide a simple reinitialization method comparable
to the codimension-1 signed distance function. Comparisons show that exploiting these degrees
of freedom are essential to a robust simulation.

5.3 Representations for evolving curves

We now begin our description of implicit filament dynamics. The main mathematical object
is a union of closed space curves. This section describes an implicit representation for these
curves and their dynamics, as well as the degrees of freedom in the representation.

5.3.1 Representations for curve configuration

Let the physical domain be an open region M Ă R
3. We use γ to represent a collection of m

closed curves

γ :
Ům

i“1 S
1 Ñ M,

where
Ů

denotes a disjoint union, S1 is the topological circle, m is the number of filaments,
and γ is the mapping from the 1D curves into 3D. The configuration space X of these filaments
is the space of all possible placements of these curves:1

X “
8ğ

m“1

tγ :
Ům

i“1 S
1 Ñ Mu

O
reparametrizations. (5.3.1)

1Precisely, reparametrizations mean the quotient by the orientation preserving diffeomorphisms on
Ům

i“1
S

1

for each fixed m (See Section 2.2.1 for detail).
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5.3. Representations for evolving curves

Figure 5.2: An example of level surfaces of two linked curves. The blue and red surfaces are
cross sections of tImψ “ 0u and tReψ “ 0u respectively.

Although it is straightforward to represent curves explicitly via objects γ in (5.3.1) as parame-
terized curves or their discrete counterparts, topological changes of curves such as splitting or
merging are difficult to describe mathematically and algorithmically. For instance, the number
m of components can change when curves reconnect or split apart.

Instead of relying on an explicit curve representation, our work adopts an implicit representation
for the elements in X . We model every collection of closed curves in M as the zero set of a
complex-valued level set function ψ : M Ñ C:

γ “ tp P M |ψppq “ 0u “ tReψ “ 0u X tImψ “ 0u,

In other words, an alternative definition for γ is the set of all points p where both the real and
imaginary components of a level set function ψ evaluate to zero as in Figure 5.2. We find it
useful to draw an analogy to the scalar-valued level sets commonly used in computer graphics
applications: the zero level-set of a scalar-valued function represents shapes of codimension
1 (a.k.a. surfaces), while our complex-valued level set has twice as many variables and thus
represents shapes of codimension 2 (curves).

We next note that different functions ψ can represent the same collection of curves if they
share the same zeros and orientation. To formulate this redundancy precisely, we define the
following equivalence relation „ on the function space pM Ñ Cq. We say ψ1 „ ψ2 if their
zeros agree i.e., ψ´1

1 p0q “ ψ´1
2 p0q, and share the same orientation, that is,

ż

BΣ

Im
dψ1

ψ1

“

ż

BΣ

Im
dψ2

ψ2

for any oriented topological disc Σ intersecting transversely with γ. For details, see Section 3.2.

For the implicit representation to work properly, we make a regularity assumption that the
level set functions ψ are sufficiently “nice” around the zero set. Precisely, we assume ψ is
smooth, and the differential dψ|p : TpM Ñ C – R

2 is surjective, i.e. its matrix form has rank
2 at any point p on the zero-set.

57



5. Hidden degrees of freedom in implicit vortex filaments

To summarize, our configuration space of filaments X from (5.3.1) is replaced by the space of
complex-valued functions ψ modulo the above equivalence class:

F :“ tψ : M Ñ Cu{ „ .

While X and F describe the same configuration space of filaments, the objects in F are much
more continuous compared to the disjoint spaces of X .

Relation to Clebsch representations The representation of codimension-2 curve geometries
in 3D is known in fluid dynamics as Clebsch representations [Cle59, Lam95, CKPS17, YXZ`21].
For a fluid flow with a smooth vorticity field, the vortices are geometrically depicted as fibrous
vortex lines diffusely distributed over the fluid domain. A Clebsch representation aims at an
implicit representation for such fibrous structure. The representation uses a map s : M Ñ Σ

from the 3D fluid domain M to a 2-dimensional manifold Σ with a measure σ to describe the
vortex lines as preimages s´1tpu of points p P Σ, and the density of the vortex lines as the
pullback s˚pσq of the measure σ. A smooth Clebsch map s and a smooth measure σ yields a
smooth distribution of vortex lines. To achieve a more singular and concentrated vorticity field
such as vortex filaments, one would consider s with larger derivatives [MW83] (s sweeps out
more measure σ over a small area in M).

In our setup, we want to represent singular curves with a Dirac-δ density, instead of diffused
distribution of vortex lines. Previous considerations in Clebsch representations would set the
Clebsch map s with enormous derivative. By contrast, we obtain such concentrated filaments
by setting σ singular while keeping the Clebsch map smooth. Our complex level function
ψ : M Ñ C is a Clebsch map with the target space Σ “ C equipped with a δ-measure σ “ δ0

at the origin.

An important discussion about Clebsch representations [CKPS17] is whether or not a fluid
configuration can be represented with the choice of Σ and σ. Previous Clebsch representations
[CKPS17, YXZ`21] adopt Σ “ S

2, since the more straightforward choice of Σ “ R
2 – C

with the standard area measure σ can only represent fluid flows with zero helicity. The
helicity obstruction is reduced for Σ “ S

2 as it can admit a discrete set of nonzero helicity
[CKPS17]. Our Clebsch representation can represent any space curve without any obstruction.
In particular, the helicity of a vortex filament is proportional to its writhe [AK21] which can
take any real value.

5.3.2 Representations for curve dynamics

In the explicit representation, a first-order time evolution of curves γ : p
Ům

S
1q ˆ R Ñ M can

be described by an equation of the form:

Bγ

Bt
ps, tq “ Vγt

psq, s P
Ů

S
1, t P R. (5.3.2)

Here, s is the parameterization of the curve, t is time, and the velocity Vp¨q : X Ñ p
Ů

S
1 Ñ R

3q
is a dynamical model that tells the filament how to move based on the current filament shape
and position.

Example 5.3.1. In the context of fluid dynamics, important examples for the velocity model
V are the ones that govern the motion of vortex filaments. When M “ R

3, i.e. there are no
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5.3. Representations for evolving curves

obstacles or boundaries, the velocity models are the Biot–Savart model

V BS
γ psq :“

Γ

4π

¿
γ1ps̃q ˆ

γpsq ´ γps̃q

|γpsq ´ γps̃q|3
ds̃ (5.3.3)

and the more regular Rosenhead–Moore model [Saf93, pp. 213]

V RM
γ psq :“

Γ

4π

¿
γ1ps̃q ˆ

γpsq ´ γps̃q
b
e´3{2a2 ` |γpsq ´ γps̃q|2

3ds̃ (5.3.4)

where the constants Γ and a are the vortex strength and vortex thickness respectively, and the
integrating measure ds̃ is the arclength element (set a “ 0 for the Biot–Savart model). Note
that (5.3.3) and (5.3.4) are the restrictions at the curve of the entire fluid velocity field over
the 3D domain

URM
γ pxq :“

Γ

4π

¿
γ1ps̃q ˆ px ´ γps̃qq

b
e´3{2a2 ` |x ´ γps̃q|2

3ds̃, x P R
3 (5.3.5)

That is, V RM
γ psq “ URM

γ pγpsqq.

Now, we translate the dynamical system (5.3.2) into an evolution equation for a time-dependent
complex level function ψ. First, we note that the evolution of ψ around the zeros is given as
the transport equation along some vector field, which is formally the following lemma.

Lemma 5.3.2. For any time-dependent complex level set function ψ with the regularity
assumptions in Section 5.3.2, there exists a neighborhood U Ă M of the zero set of ψ and a
vector field v : U Ñ R

3 such that

Bψ

Bt
` v ¨ ∇ψ “ 0 in U. (5.3.6)

Proof. By the regularity assumptions in Section 5.3.2, there exists a neighborhood U of the
zero set of ψ where the 3D-to-2D linear map dψ is full-rank and thus surjective. Hence at
every point x P U and for any value of Bψ{Btpxq, there exists a vector vx P R

3 such that
dψ|xpvxq “ ´Bψ{Btpxq. With this construction, we obtain a vector field v : U Ñ R

3 satisfying
Bψ{Bt ` v ¨ ∇ψ “ 0 in U .

Hence the representation of the dynamics for ψ can be encapsulated into a vector field. Observe
that the zero level curve γ of ψ evolves by Bγ{Bt “ v|γ under the transport equation (5.3.6),
and that kerpdψq at each point on γ is spanned by the tangent γ1 as γ1 lies on the tangent
spaces of both tImψ “ 0u and tReψ “ 0u. By matching these induced curve dynamics in
Lemma 5.3.2 with (5.3.2) we conclude:

Theorem 5.3.3. The zero level curve γ of ψ evolves according to (5.3.2) if and only if ψ
satisfies (5.3.6) for some vector field v that agrees with the curve velocity at the curve:

vpγpsqq “ Vγpsq ` fpsqγ1psq (5.3.7)

where fγ1 is the tangent vector γ1 multiplied by an arbitrary scalar function f . The degrees of
freedom of the dynamics for ψ are the degrees of freedom for choosing v with the condition
(5.3.7).
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5. Hidden degrees of freedom in implicit vortex filaments

Essentially, the only velocities that really matter for the evolution of the curves are the velocities
located on the zero level set. Furthermore, the locations of the curves will not change if we
slide them around their tangent direction (like spinning a circle around its axis of symmetry),
so we only need to pin down their normal and bi-normal components. So we have a huge
number of velocity variables (3 for each point in the 3D domain) with very few constraints (2
for each point on the 1D curves). This under-determined system gives us a redundancy in
possible velocity fields for curve dynamics, which is largely unexplored by previous work.

Let us apply Theorem 5.3.3 to vortex filament dynamics (cf. Example 5.3.1): Plugging in
(5.3.5) for v gives us the following dynamics for ψ:

B

Bt
ψ ` v ¨ ∇ψ “ 0, vpxq “ URM

γ pxq. (5.3.8)

This is the most straightforward way to do it: simply advect the level set ψ in the exact
same way as the rest of the fluid. However, we know that v “ URM

γ is an extremely sensitive
function to deal with numerically — it tends to infinity near γ, has unbounded derivatives,
and rapidly changes direction in very tight swirls. Small errors in γ inevitably create huge
errors in velocity, making simulations unstable, as demonstrated in our accompanying video.
Fortunately, according to Theorem 5.3.3 we now know that there are infinitely many velocity
fields that will all theoretically give us the same filament motions; our mission in the next
section is to swap out this unstable Biot-Savart velocity field for one that is much more
numerically robust.

Remark 5.3.4. When a curve has a self-intersection, that is, there is a point p “ γpsq “ γps1q
for some s ‰ s1, the differential dψp fails to be surjective. Consequently, Lemma 5.3.2 and
hence Theorem 5.3.3 do not apply. Intuitively, the time evolution of a self-intersecting curve
is not described by the advection of ψ along a single vector field as the overlapping points
γpsq and γps1q may have different velocities.

In the numerical scheme we present in Section 5.5, we handle this issue by introducing a
mechanism that automatically resolves self-intersections as soon as they appear.

5.4 Untwisted Clebsch variables and non-swirling

dynamics

5.4.1 Untwisted Clebsch variables

Like the common codimension-1 real-valued level set methods, the implicit representation
benefits from the regularity of the level set function. There, a level set function is well-
conditioned if the magnitude of the gradient is close to one. For that reason, the level set
function is typically initialized as the signed distance function, and this property is typically
maintained as the level set is evolved (called re-distancing).

For our codimension-2 complex level set representation, we shall also characterize a set of
desirable qualities of the complex level set function ψ : M Ñ C. Due to the higher codimension,
the discussion involves the notion of twist from the mathematical ribbon theory. Finally, we
describe a concrete construction of ψ that will be used for initialization and re-distancing.

Conditioning of a complex level set function

We want ψ to be continuous everywhere and non-zero outside the curves γ “ tψ “ 0u.
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5.4. Untwisted Clebsch variables and non-swirling dynamics

Near the curves γ, we want the differential dψ to be well-conditioned: if we only consider the
function restricted to the plane spanned by the curve normal and bi-normal, dψ|γK is close
to an isometry; that is dψ|γK : γK Ñ C – R

2 has singular values « p1, 1q. Notice, however,
that even when dψ|γK is well-behaved on each normal plane, the level set function ψ can still
exhibit significant shearing if the complex phase varies significantly along the tangent direction.

This variation of complex phase along the curve’s tangent can be seen more intuitively
via the geometry of the surface Sψ formed by the level sets of the positive real part of ψ
(Sψ “ tRepψq ă 0, Impψq “ 0u “ targpψq “ πu). Note that the boundary of the surface Sψ
is γ, as illustrated in Figure 5.3. The tangential variation of the phase argpψq is embodied by
the twist of Sψ at its boundary γ.

For the specific method presented in this chapter, we take a simple construction of ψ that is
known to have a smooth Sψ with little twisting at γ. We first lay out a few geometric and
topological properties about the twist. Readers who are only concerned about the simulation
method can skip ahead to the last part of this subsection, Solid-angle distance function.

The twist of a complex level set function

To discuss the twist precisely, we first review the standard definition of twist for a ribbon of
a curve. Then, we apply this definition to the ribbon induced by ψ, which is tangent to the
surface Sψ.

Definition 5.4.1 (Ribbon and twist). Let U be a unit normal vector field over a collection
of non self-intersecting space curves γ. A ribbon R of γ is defined as another collection of
curves R “ γ ` ϵU where ϵ ą 0 is taken sufficiently small so that R does not intersect with
itself and γ.

The twist of the pair pγ,Rq at each point on γ is given by

ω :“ U 1 ¨ pγ1 ˆ Uq

where p¨q1 is the derivative along curve’s tangent relative to arclength.

Then the total twist of pγ,Rq is defined as

Twpγ,Rq :“
1

2π

¿

γ

ω.

We now consider the ribbon induced by ψ.

Definition 5.4.2 (ψ-induced framing). Each complex level set function ψ : M Ñ C for γ
gives rise to a normal vector field Uψ : γ Ñ R

3, |Uψ| “ 1, xγ1, Uψy “ 0 that points to the
direction where ψ is real and positive. Explicitly, at each point on γ,

Uψ :“
pdψ|γKq´1p´1q

|pdψ|γKq´1p´1q|
.

This defines the ribbon Rψ :“ γ` ϵUψ with a small enough ϵ ą 0 as in Definition 5.4.1. Using
this, we define the twist ωψ and the total twist Twpψq as those of the ribbon pγ,Rψq.
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5. Hidden degrees of freedom in implicit vortex filaments

When dψ|γK : γK Ñ C is conformal (which is true, for the solid-angle distance function we will
introduce in this subsection, since it is isometric), the twist directly relates to the derivative of
ψ along the curve:

ωψ “ ´pdθqpγ1q “ ´ Re

ˆ
pdψqpγ1q

iψ

̇
, θ “ argψ,

in a small neighborhood of γ.

Figure 5.3: The surface Sψ (translucent blue) and the ribbon Uψ (opaque cyan).

Now, a natural consideration for designing ψ is to minimize the twist. For example, one
may try to construct Bishop’s parallel frame [BWR`08], which has no twist. However, one
would find the construction impossible for a closed curve and a union of closed curves in
general. This is due to the following theorem that the total twist Twpψq is fixed by the curve
geometry γ P X or the equivalent class of level functions rψs P F , and hence non-zero unless
Twpγq “ 0.

Theorem 5.4.3 (Invariance of total twist). Suppose M “ R
3. Let rψs P F . Then any

representative ψ P rψs has the same total twist Twpψq.

To prove the theorem, we use an auxiliary setting.

Definition 5.4.4 (Seifert surface and Seifert framing). A Seifert surface Σ of γ is an oriented
and compact surface such that BΣ “ γ. 2 A ribbon R of γ is called a Seifert framing if there
is a Seifert surface Σ such that R is tangent to Σ on γ “ BΣ.

Definition 5.4.5 (Ribbon helicity). Let γi be each connected component of γ and Ri be a
ribbon of γi Then the ribbon helicity of γi is

Hpγi, Riq “ Linkpγi, Riq `
ÿ

j‰i
Linkpγi, γjq

where Link is the linking number between non-intersecting curves.

The linking number in Definition 5.4.5 measures how much two curves are linked. For details
we refer to [AK21].

When the ribbon is a Seifert framing, the helicity of the ribbon vanishes ([DWCWR21, Theorem
3]):

2Note that a standard definition of Seifert surface additionally requires connectedness [Sei35, Mur96], but
we drop this condition for our purposes.
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5.4. Untwisted Clebsch variables and non-swirling dynamics

Lemma 5.4.6 (Zero ribbon helicity of Seifert framing). If the ribbon R of a collection of
curves γ is a Seifert framing, we have

Hpγi, Riq “ 0, @i

where pγi, Riq are each connected component of γ and its associated component of R.

Another key ingredient is the Călugăreanu theorem:

Lemma 5.4.7 (Călugăreanu). For a single curve γ and a ribbon R, we have

Linkpγ,Rq “ Twpγ,Rq ` Wrpγq

where Wrpγq is the writh of γ (for details, see [AK21]).

We are now ready to prove the theorem.

Proof of Theorem 5.4.3. Without loss of generality, we can assume a constant phase-shift to
ψ so that Sψ is a Seifert surface of γ.3 Hence for the ribbon Rψ, we have Hpγi, Rψ,iq “ 0

and namely Linkpγi, Rψ,iq “ ´
ř
j‰i Linkpγi, γjq for each i, due to Lemma 5.4.6. Applying

the Călugăreanu theorem (Lemma 5.4.7), we have

Twpψq “ Twpγ,Rψq “
ÿ

i

Twpγi, Rψ,iq

“
ÿ

i

´ Wrpγiq ` Linkpγi, Rψ,iq

“ ´
ÿ

i

˜
Wrpγiq `

ÿ

j‰i
Linkpγi, γjq

¸
.

This show that Twpψq depends only on γ.

Note that even though the total twist is fixed among possible choices of ψ, strong local twist
can still be present.

Solid-angle distance function

As explained above, we desire a complex level set function ψ that is numerically well-conditioned:
it should be nearly isometric near the curve γ and non-zero outside γ. In order to isolate these
properties and enforce them explicitly, we model ψ with a complex wave function:

ψpxq “ rpxqeiθpxq.

Similar to signed distance functions for the codimension-1 level set functions, we set

|ψpxq| “ rpxq :“ distpγ, xq, x P M Ă R
3.

This setup ensures that the value ψpxq is non-zero for x R γ. What remains is a choice for the
complex phase θ : Mzγ Ñ S

1 “ Rmod 2π, which we set to the half solid-angle subtended by γ:

θpxq :“
1

2
SolidAnglepγ;xq mod 2π

where SolidAnglepγ;xq P Rmod 4π is a dimensionless quantity given by the signed spherical
area 4 enclosed by the projection of γ on the unit sphere centered at x i.e. Proj γxpsq :“

3The connectedness of Sψ is not necessarily guaranteed, but Definition 5.4.4 and Lemma 5.4.6 do not
require connectedness.

4Our definition of the solid angle is modulated by 4π as the spherical polygon of projected curves may
cover the sphere multiple times.
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5. Hidden degrees of freedom in implicit vortex filaments

γ

x

SolidAnglepγ;xq

distpγ, xq

ψpxq “ distpγ, xqeiSolidAnglepγ;xq{2

Figure 5.4: The solid-angle distance function ψ for a space curve γ is constructed by the
distance and the angle subtended by the curve.

pγpsq ´ xq{|γpsq ´ x|. Combining these two, we now have the solid-angle distance function,

ψpxq “ distpγ, xqeiSolidAnglepγ,xq{2 (5.4.1)

illustrated in Figure 5.4.

The solid-angle distance function meets our desired conditions for the codimension-2 level set
representation. On each normal plane θ|γK is asymptotically the 2D angle function about the
zero γ, so that dψ|γK : γK Ñ C is close to an isometry.

Moreover, as studied by [BA18], the surface Sψ “ tθ “ 0u features little twist at γ. Figure 5.5
illustrates this concept.

Remark 5.4.8 (Properties of untwisted Clebsch variable). We note that our choice of the
Clebsch variables ψ is an instance of many reasonable ones that exploit degrees of freedom
in curve representations rather than the optimal one for a specific dynamical system such as
vortex filaments.

Nevertheless, our ψ has a number of desirable properties. For example ψ is uniquely computed
from given curves with an explicit formula, and is locally little twisted with dψ|γK being locally
nearly-isometry, as we saw in this section. In addition, argψ is harmonic and the zeros of
the real and the imaginary parts intersect orthogonally, which ensures the zeros to be always
codimension-2 and makes numerically extracting zeros robust.

Remark 5.4.9 (Open curves). Our construction of ψ is not limited to closed curves but
is also valid for open curves with end points located on the boundary or obstacles subject
to the following integrability condition. The orientation of each curve assigns a positive or
negative signature for its two end points. The collection of curves is said to be integrable if
all ends of the curves lie on the boundary and each connected component of the boundary
contains an equal number of positive and negative ends. Note that vortex filaments must
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5.4. Untwisted Clebsch variables and non-swirling dynamics

Figure 5.5: Plotting θ on a 2D plane which intersects a circular vortex ring at two points
(left). The color indicates the value of the θ, and the black lines are its level curves. The
curves meet where the filament intersects the plane. Zooming into the white box (right) shows
evenly-spaced curves closer to the filament, where eiθ resembles the complex plane C.

be integrable since this integrability condition is precisely the integrability condition for curl:
The vorticity 2-form is the exterior derivative of a velocity 1-form if and only if it is closed
(divergence-free) and its restriction to every boundary component has zero total flux. In
this case, the integrability of curl ensures that the endpoints of open filaments landing on
boundaries must give equal positive and negative ends per boundary component. Therefore,
it is possible to pair the endpoints along the boundary and complete the filaments as closed
curves, from which we know how to construct ψ.

5.4.2 Non-swirling dynamics

In Section 5.4.1, we leveraged the degrees of freedom in the complex level set function ψ to
design a sufficiently regular implicit representation. Here, we exploit similar degrees of freedom
to construct evolution equations that produce theoretically equivalent dynamics but are more
numerically robust.

Many dynamical systems for curves already come with a known physical evolution equation.
For example, the vortex filament dynamics can be simulated with (5.3.8), i.e. by advecting
ψ using the Biot–Savart or the Rosenhead–Moore flow (Example 5.3.1). Hence, redesigning
the equation may seem unnecessary. However, when it comes to numerically advancing the
variables, the highly oscillatory or discontinuous nature of the Biot–Savart and the Rosenhead–
Moore flows near the vortex core (as illustrated in Figure 5.6) can cause significant interpolation
error. We point out that these errors are avoidable by redesigning the flow of the advection.

We consider dynamical systems as discussed in Section 5.3.2. Suppose the evolution of the
curve is given by Bγ

Bt “ Vγ where Vγ is the velocity field defined on the curve. The evolution
for ψ must be an advection by an extension v of the velocity field Vγ in a neighborhood of the
curve (cf. (5.3.6)). A straightforward construction of v is a constant extrapolation. That is,
vpxq is set to Vγ at the closest point on γ from x. This extrapolation is, however, singular
where closest points are not unique as in the middle row of Figure 5.6.
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5. Hidden degrees of freedom in implicit vortex filaments

Figure 5.6: Different vector fields for two linked rings. The original Rosenhead–Moore model
(top), the nearest point velocity field (middle), and a smooth weighted average field (bottom).
While these three velocity fields coincide on the filaments, they differ significantly outside the
filaments.
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To gain continuity without changing the velocity on the filaments, we smooth away these
singularities by taking the weighted average of the filament velocity as

vpxq :“
1

N pxq

¿

γ

Vγpγpsqqwpx, γpsqq ds.

Here, N pxq is the normalization factor

N pxq “

¿

γ

wpx, γpsqqds,

and w is some weight function that applies less smoothing as it gets closer to the filament,
i.e. wpx, γpsqq{N pxq Ñ δpγ´1pxq ´ sq as distpx, γq Ñ 0. For example, we observed that a
Gaussian function with distance-dependent variance works stably:

wpx, sq “ exp

ˆ
´

|x ´ γpsq|2

σ2distpx, γq

̇
, σ some constant.

To accelerate computation for v, we can further multiply the integrand of Figure 5.4.2 by a
smooth cutoff function which equals to 1 near γ and 0 far away from γ. Then v is non-vanishing
only near γ. By applying this smooth cutoff, we only need to evaluate v in a narrow band
close to the filament.

Note that v is in general not divergence-free. The velocitiy near the curve is determined
according to the curve velocities so that the motion of the zeros of ψ emulates the motion
of the curves. Imposing an additional constraint like incompressibility to the velocitity field
may trade off the fidelity to the original curve motion or the numerical smoothness of the
surrounding vector field.

5.5 Algorithms

In this section, we describe an algorithm for simulating filament dynamics.

Throughout the simulation, we maintain a complex level set function ψ. The main algorithm
computes the transport equation of ψ along a velocity field v in a neighborhood of the zeros
of ψ. This main algorithm is accompanied by a few subroutines for evaluating the velocity
and redistancing: one subroutine extracts the zero set γ of ψ; another subroutine constructs
the solid-angle distance function ψ from γ (5.4.1); a third subroutine evaluates the filament
motion Vγ using γ; and the last subroutine extends Vγ to a velocity field v in a neighborhood
of γ (Section 5.4.2).

We store the level set function ψ and the velocity v on a 3D lattice and discretize the curves
γ as oriented collections of line segments.

5.5.1 Details of subroutines

1. Advection

To advect ψ with a given flow v, one can adopt any Eulerian advection scheme. In our
implementation, we use the modified MacCormack method [SFK`08] with 4th order
Runge–Kutta back-tracing.
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Algorithm 5.1: The main time integration
Input: Initial filament γ P X ;

1 ψ Ð construct ψ from γ; Ź Subroutine 3
2 while simulating do
3 v Ð evaluate Vγ and extend it on grids near γ; Ź Subroutine 4
4 ψ Ð advect ψ along v; Ź Subroutine 1
5 γ Ð extract the zero set of ψ; Ź Algorithm 5.2
6 ψ Ð construct ψ from γ; Ź Subroutine 3
7 end

Algorithm 5.2: Extract the zero curve γ from ψ

1 foreach cell c do
2 foreach face f in c do
3 Compute incidence nf P t´1, 0, 1u; Ź Eq. (5.5.1)
4 if |x⃗pkq ´ x⃗pk´1q| ă ϵ then
5 Find p˘

f “ ψ´1p0q P R
3 in f ; Ź bilinear interp.

6 end

7 end
8 Connect p´

f and p`
g of some faces f, g in c;

9 end

2. Construction of γ from ψ

After updating ψ, we need to update the filaments γ by extracting tψ “ 0u. We
summarize this subroutine in Algorithm 5.2, which is adopted from [WPS14].

In our setting, each vertex of γ lives on a face f of the volumetric grid. We first evaluate
for each face f the t´1, 0,`1u-valued signed intersection nf with the zero curve of ψ
using the argument principle: If the vertices of a face f are i, j, k, ℓ in an oriented order,
then

nf “
1

2π

´
argpψj

ψi
q ` argpψk

ψj
q ` argp ψℓ

ψk
q ` argpψi

ψℓ
q
¯

(5.5.1)

using the principal branch ´π ă argp¨q ď π. Geometrically, (5.5.1) describes how many
times the quadrilateral ψi, ψj, ψk, ψℓ P C winds around the origin. For each face where
nf ‰ 0 we evaluate the more precise location of the zero using a bilinear interpolation.
That is, we regard f “ r0, 1s2 by scaling and ψ is bilinearly interpolated as

ψf px, yq :“p1 ´ xqp1 ´ yqψp0, 0q ` xp1 ´ yqψp1, 0q

` p1 ´ xqyψp0, 1q ` xyψp1, 1q,

and ψf : f Ñ C has the inverse when nf “ ˘1. The location ψ´1
f p0q is a vertex pf of

the curve γ. Finally, we build the edges of γ by running over the grid cells where we
connect the pairs of zeros on the face with a consistent orientation. Each cube c may
have up to two pairs of zeros with positive and negative nf . A cube with two pairs of
vertices has an ambiguity similarly to the marching cube algorithm [LC87]. We resolve
this ambiguity by connecting vertices arbitrarily in a way that preserves curve orientation.
We have not investigated higher order algorithms to connect curves more accurately at
the sub-grid scale.
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3. Construction of ψ from γ

Given γ, we construct ψ as the solid-angle distance function (5.4.1). For each grid point
x near γ, we evaluate |ψpxq| “ distpγ, xq as the distance to the closest polygon edge.
We evaluate argpψpxqq “ θpxq “ 1

2
SolidAnglepγ;xq by computing the signed area of

a spherical polygon with vertices tpiu
N
i“1 that are the discrete points of γ projected

onto the unit sphere centered at x. To ensure differentiability and the local isometry
properties of dψ|γK, the sign of θ must depend on curve orientation: we compute the
signed area by introducing a pole Z : “ p1, 0, 0q:

SignedArea
`
tpiu

N
i“1

˘
“

Nÿ

i“1

sign pppi ˆ pi`1q ¨ Zq Areappi, pi`1, Zq

where the unsigned area of each spherical triangle tq1, q2, q3u is computed using a
standard area formula [BC87, Arv95a],

Areapq1, q2, q3q “ ´π `
3ÿ

i“1

arccos

ˆ
pqi´1 ˆ qiq ¨ pqi ˆ qi`1q

}qi´1 ˆ qi} }qi ˆ qi`1}

̇
.

These equations assume cyclic vertex indexing, so pN`1 “ p1, q3`1 “ q1, and q1´1 “ q3.

Alternatively, we can use the area formula for spherical polygons introduced in Chapter 7,
which is robust even when the polygon tpiu

N
i“0 has degenerate points.

4. Extending velocity to grid

In order to advect ψ, we need to extend the velocity field defined on γ to the grid points
near the curves. To produce non-swirling dynamics, we used a smooth average field
(Equation 5.4.2, 5.4.2, and 5.4.2) for the examples in this chapter, unless otherwise
explained. In Figure 5.4.2, we observed that σ ranging from 0.1 to 10 times the grid
size works stably without smoothing out detailed dynamics.

5.6 Applications

This section discusses applications of our approach, specifically applied to vortex filament
dynamics. We implemented our algorithms on Houdini 18.5.759 and ran all simulations on
a MacBook Pro (13-inch, 2020) with a 2.3 GHz Quad-Core Intel Core i7 processor. For an
example implementation, see https://github.com/sdsgisd/ImplicitVortexFilaments

We use our algorithm to animate two “leapfrogging” vortex rings in Figure 5.7 and our
accompanying video. We note that the system remains stable and highly symmetric even at
the end of a long simulation with several high-speed ring interactions. Figure 5.8 visualizes
two vortex rings colliding with one another at right angles, reconnecting, and detaching into
two new rings. We note that the final rings retain plenty of energy after the collision event, in
contrast to Eulerian simulations of this phenomenon which tend to damp out over time. The
visual detail in our simulations is also practically independent of grid resolution, as the motion
of marker particles are described analytically by velocities (Equation 5.3.5), instead of a vector
field stored on a coarse grid.

Figure 5.9 illustrates a jet of smoke created by generating a new smoke ring at the left side
of the domain every three time steps. For transporting smoke as a scalar field stored on
grid points, we again used Equation 5.3.5. This simulation shows the robustness of our
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5. Hidden degrees of freedom in implicit vortex filaments

Figure 5.7: Two filaments leapfrog through one another, dragging marker particles into the
shape of a mushroom cloud. The initial filament geometry consists of two co-planar vortex
rings, one with half the radius of the other.

topology changes: each re-connection event is the result of a curve extraction from a level
set function, so there is no possibility of any unexpected edge cases, and no need for any
geometric intersection code. The simple set-up creates a large variety of chaotic motions
resulting from fast leap-frogging rings squeezing in between others and reconnecting filaments
causing sudden changes in direction. When rings shrink smaller than the grid resolution, our
algorithm deletes them (similar to codimension-1 level set methods).

Lastly, Figure 5.1 illustrates how our method can evolve intricate filament geometry, specifically
the (5,8)-torus knot defined by

γpsq “ ppcospqsq ` 2q cosppsq, pcospqsq ` 2q sinppsq,´sinpqsqq

with pp, qq “ p5, 8q and s P r0, 2πq.

5.6.1 Influence of numerical parameters

Figure 5.10 demonstrates the importance of each step in our approach by selectively removing
or modifying different algorithmic components and illustrating the consequences. First we
illustrate what happens when we vary the free degrees of freedom in the velocity field v used
to advect the filaments. In agreement with the discussion in Section 5.3.2, we see that setting
v to the fluid velocity (based on Biot-Savart kernels) field causes the level set function ψ to
rapidly twist up and become unstable. Setting v to equal the velocity at the nearest point
on the filament creates similar noise, presumably due to spatial discontinuities in the field.
Compare these results to the smooth geometry generated by our velocity field at the bottom
of Figure 5.10.
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Figure 5.8: Two smoke rings (left) colliding at orthogonal angles (middle) and re-connecting
(right). Rendered as filaments (top) and marker particles (bottom). The colliding rings leave
swirly trails of smoke particles after their collision and reconnection.

Lower down in the same figure, we illustrate the effect of varying the free degrees of freedom
in our level set function ψ. Starting with an initially smooth ψ and advecting it without
any re-distancing or regularization works well at the beginning, but it eventually accumulates
topological noise. To illustrate the impact of ψ’s free parameters on numerical stability and
accuracy, the fourth row in Figure 5.10 replaces our smooth choice of ψ with one that is
intentionally twisted by a phase shift of ∆θpxq :“ 0.05 distpx, γq; the twisted ψ causes high-
frequency geometric noise and artificially shrinks the filaments. Again, we can compare these
results to the smooth geometry generated by our un-twisted ψ at the bottom of Figure 5.10.

Another important numerical parameter is the spatial resolution of the filament. Lagrangian
methods constrain the curve resolution by subdividing and collapsing edges when they become
too long or short. In contrast, our method controls the curve details via the resolution of the
grid used for the level set ψ. Figure 5.11 illustrates a simulation of an evolving trefoil knot
on a 50 ˆ 50 ˆ 60 grid and one twice as detailed at 100 ˆ 100 ˆ 120. As expected, higher
resolution grids create filaments with sharper details. Note, however, that the common way
to visualize fluids is with marker particles or smoke densities, not by visualizing the filaments
themselves. Thus, even very low resolution vortex filaments can still produce high resolution
visual details. More detailed filaments make themselves evident via there more detailed velocity
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Figure 5.9: A jet of smoke, rendered as raw filament geometry (top) and an advected smoke
density function (bottom).

fields and complex smoke dynamics.

5.6.2 Comparisons with Lagrangian filaments

Next, we qualitatively compare implicit and explicit representations of curve dynamics using
our algorithm and the Lagrangian vortex filament technique of Weißmann and Pinkall [WP10],
as implemented in Houdini software by SideFX. Figure 5.12 shows the evolution of a knotted
vortex filament with both methods. The filament is initialized as

γpsq “ psinpsq ` 2 sinp2sq, cospsq ´ 2 cosp2sq,´ sinp3sqq

with s P r0, 2πq. Aside from some small differences arising from the particulars of how filaments
break apart and reconnect, the two methods produce roughly the same dynamics.

On the other hand, the two methods have significantly different mechanisms for handling
topological changes, which can produce divergent results. The Lagrangian method depends on
user parameters like the thresholds for distances and angles between curves; the only relevant
user parameter for changing topology in our method is the grid spacing, which prescribes
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Advection along the Biot-Savart velocity field

Advection along the nearest point velocity field

Without redistancing ψ

Artificially twisted ψ

Our proposed setting

Figure 5.10: Comparisons with different settings. Initial state is the 1st row of Figure 5.13.
The left and right columns show states at frames 20 and 45.
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Resolution 50 ˆ 50 ˆ 60

Resolution 100 ˆ 100 ˆ 120

Figure 5.11: Simulation of a trefoil knot with different grid resolutions, as viewed from the
side (left column) and front (right column).

Weißmann and Pinkall [WP10]

Our method

Figure 5.12: Comparing a buoyant trefoil knot simulation by Weißmann and Pinkall [WP10]
to ours. The simulations evolve from left to right.
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Initial state

Our method

Weißmann and Pinkall [WP10], with aggressive re-connection

Weißmann and Pinkall [WP10], with conservative re-connection

Figure 5.13: Simulating two linked vortex rings (top) with our method (2nd panel), and
with the explicit filament approach of Weißmann and Pinkall [WP10] (bottom two panels).
Lagrangian methods can be sensitive to numerical parameters for topological changes.
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the resolution of the level set ψ. Figure 5.13 shows a simulation of two linked rings: our
approach both preserves long thin tendrils and filters out topological noise. The Lagrangian
simulation is sensitive to re-connection parameters: setting these parameters too aggressively
leads to smooth geometry but loses thin features, while setting parameters too conservatively
preserves thin features but creates noisy, persistent, high-speed “ringlets” that dominate the
fluid velocity field.

We stress here that the purpose of this comparison is to show how explicit and implicit
descriptions handle topological changes of curves result in qualitatively different ways; the
accuracy of these methods are not easily comparable as they have different mechanisms, and
the accuracy depends on the type of curve dynamics.

5.6.3 Obstacles

Like many methods for vortex dynamics, our method can also make filaments circumvent
obstacles. A typical approach is to find a smooth harmonic potential ϕ such that for a given
obstacle B Ă M , it solves

xvγ ´ vBB ´ ∇ϕ, nyR3 “ 0 on BB

ϕ Ñ 0 at infinity

where vBB is the boundary velocity at each point of BB. Weißmann and Pinkall [WP12]
construct such a potential by regarding points inside B as sources of localized potentials so
their weighted sum solves Section 5.6.3, and Brochu et al. [BKB12] and Zhang et al. [ZB14]
solve a similar system using boundary element techniques. Nabizadeh et al. [NCR21] address
an equivalent problem by solving linear PDEs on infinite domains using the Kelvin transform.

Another approach by Weißmann and Pinkall [WP10] is more specialized to vortex filaments and
phenomena like vortex shedding; it regards the obstacle as a collection of artificial filaments
γM such that the normal component of the velocity is zero. Other approaches, like that of
Park and Kim [PK05] and Da et al. [DBWG15] add point constraints to the boundary which
zero out both the normal and tangential velocity components.

Our vortex filament algorithm is compatible with any of these obstacle-handling methods;
our particular implementation uses [NCR21], as seen in Figure 5.14. We can observe that
filaments near the obstacle are accelerated due to the induced mirrored image of themselves
in the obstacle (or vortex sheet on the surface).

Note that for the evolution of curves, only the evaluation of the velocity field needs the
treatment of the boundary. Other components of the algorithm including the construction of
levelset function ignore the boundary and do not require any additional treatments.

5.6.4 Other types of filament dynamics

Our idea of implicit representation of filament dynamics is not limited to vortex filaments. In
theory, this should be applicable to any first-order time evolution of curves. Figure 5.15 shows
an example with the curve-shortening flow,

Bγ

Bt
ps, tq “ ´γ2ps, tq.

As expected, this velocity causes the filament to shrink over time, similar to mean-curvature
flow for surfaces [OS88].
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Figure 5.14: Turbulence caused by a spherical obstacle. We generate a new vortex filament
ring every 10 frames.

5.6.5 Discussion

Our method represents a fundamental new way to animate fluids and vortex filament dynamics.
Its unique features give it some strengths and weaknesses relative to existing approaches.

First of all, we represent our filaments with implicit functions ψ. While there are many ways
to encode an implicit function, our implementation uses a regular grid, which implies a finite
bounding box. While common for Eulerian fluid simulations, bounded domains are a constraint
not shared by Lagrangian methods. This constraint could be mitigated if we use sparse grids
or trees [MAB19].
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Figure 5.15: Curves evolving under the curve shortening flow, from left to right.

Table 5.1: Parameters and timing breakdown per frame for all simulations in this chapter and
the accompanying video. Symbols Γ and a are the intensity and the thickness of filaments.
All simulations are 24fps and and the time step size 1.0{24s except for Figure 5.15, which
we used 120fps. Average timings are taken over the entire simulation. The “Other” column
includes the remaining operations, including obstacle handling and generation of new curves
at the sources in Figure 5.9 and Figure 5.14.

Scene Resolution Γ a Total time Evaluate v Advect ψ Construct γ Construct ψ Other

Figure 5.13 100 ˆ 100 ˆ 100 1.0 0.05 0.159s 0.041s 0.017s 0.041s 0.056s 0.002s
Figure 5.12 100 ˆ 100 ˆ 120 1.0 0.05 0.274s 0.056s 0.026s 0.049s 0.102s 0.001s
Figure 5.7 60 ˆ 60 ˆ 200 2.0 0.08 0.090s 0.013s 0.021s 0.023s 0.031s 0.001s
Figure 5.8 80 ˆ 120 ˆ 140 1.0 0.05 0.152s 0.031s 0.030s 0.046s 0.044s 0.001s
Figure 5.1 100 ˆ 100 ˆ 140 1.0 0.05 0.655s 0.144s 0.085s 0.091s 0.332s 0.002s
Figure 5.9 100 ˆ 100 ˆ 180 2.0 0.08 1.423s 0.177s 0.099s 0.812s 0.324s 0.011s
Figure 5.14 100 ˆ 100 ˆ 160 2.0 0.08 0.969s 0.047s 0.087s 0.473s 0.226s 0.135s
Figure 5.15 100 ˆ 100 ˆ 100 N/A N/A 0.152s 0.028s 0.012s 0.068s 0.043s 0.001s

Table 5.2: Computational timings compared with Houdini’s built-in implementation of Weiss-
mann & Pinkall [WP10]. “Same DOF” refers to simulations with approximately the same
number of computational degrees of freedom as our method: we set the relevant parameters
(re-connection distance, minimum and maximum edge lengths ) so that the number of explicit
curve vertices are similar to ours.

Scene description W&P W&P (Same DOF) Ours

Linked rings (Figure 5.13) 0.052s 0.065s 0.159s
Trefoil knot (Figure 5.12 0.045s 0.101s 0.274s

The main parameter in our method is the grid resolution. As discussed earlier, this parameter
affects the geometric detail and topology of our filaments, influencing the velocity field
directly, but influencing the final visual results only indirectly. The grid resolution also directly
influences topological changes; the only mechanism for topological changes in our algorithm is
to merge curves when they intersect the same grid cell. We believe this automatic and robust
method for handling topological changes is a strength of our method; it minimizes the need to
fine-tune parameters (especially the relationship between minimum/maximum edge length and
topological change interaction lengths) and seems immune to the types of numerical blow-ups
that we have seen in Lagrangian methods when filaments get close or exhibit near-degenerate
geometry.

On the other hand, this grid-based method for re-connecting curves will also delete small
features when they shrink below the grid cell size (similar to level set methods for surfaces).
This behavior is most evident in our jet example (Figure 5.9). We believe that the deletion of
small features can be reduced in the future in a number of ways. More accurate advection
schemes will probably preserve higher frequency features of ψ better without deleting them.
Also, although we took care to introduce a v and ψ which alleviates egregious numerical
stability problems, we have not quite optimized for accuracy or geometric durability for the
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specific dynamics of vortex filaments. Finding a pair of v and ψ that is more suitable for each
curve dynamics in the degrees of freedom discussed in Section 5.3 would lead to even better
numerical performance.

Although our method relies on Eulerian advection to evolve the geometry, it does not suffer
from the artificial viscosity typically associated with Eulerian fluid simulations. Our fluid velocity
is reconstructed from filament dynamics, so the velocity field is not recursively re-sampled and
does not accumulate damping errors. Consequently, our method produces swirly and energetic
fluid flows even at low grid resolutions.

Table 5.1 lists the simulation parameters and timing breakdown for each of the simulations in
this chapter and accompanying video. We stress that our prototype implementation is meant
as a proof of concept, and it has plenty of room for optimization. Our current implementation
employs regular grids for ease of implementation; future implementations can make great use
of sparse grids, since our filaments only use a 1-dimensional path through the 3D grid. Our
implementation of “Evaluate v” and “Construct ψ” iterates over the entire curve geometry
for each point in the narrow band where γ and ψ are required; future implementations could
use a sparse data structure and approximated fast summation via tree-codes like the fast
multipole method to reduce total evaluation time. Additionally, our current implementation of
“Construct γ” redundantly doubles the work per curve vertex, so that step can be sped up by
at least a factor of 2.

With these inefficiencies in mind, our implementation appears to run modestly slower than
Houdini’s optimized implementation of [WP10] for the scenarios we tested. The two methods
have completely different numerical degrees of freedom, so we find it difficult to compare them
directly. Table 5.2 compares the computational cost of the two methods for figures in this
chapter. We aimed to keep the number of curve vertices roughly the same as our method’s in
the “Same DOF” simulations, so we believe these are the most relevant for comparing timings.

In our examples of vortex filaments, we assumed inviscid filaments, but we can handle viscous
motions too once the time-derivative of viscous curves is speficied. We also assumed a
uniform vortex strength. Just as in the explicit description, our implicit description requires
a well-defined equation of motion for curves, and it outputs only new curve configurations
without processing additional quantities like vortex strengths. Simulating vortex filaments with
different strengths is an independent challenge. Merging filaments with different strengths
would create a graph of filaments rather than just disjoint closed curves, which would require
a new implicit representation for filament graphs.

5.7 Conclusion and future work

We have shown that implicit representations of geometric curves exhibit large degrees of
freedom in both their mathematical representation, as well as their dynamics. We then took
advantage of these redundant degrees of freedom to improve the stability of vortex filament
simulations.

We see a number of avenues that can be explored in future work. Our current strategy
exploits redundancy in the 3D velocity field and level set outside the filaments, but we can
also incorporate free degrees of freedom in the tangential components of the velocity on the
filament itself. More generally, one can attempt to formalize the regularization of v and ψ for
various purposes. A possible instance is an optimization problem for certain energies aiming
provable guarantees on numerical accuracy and stability. Besides, the use of redundancy in
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dynamics should also be possible for other codimensional cases such as level surfaces in 3D or
level sets of an arbitrary codimension in a higher dimensional space.

Our numerical scheme can be made more sophisticated as well: higher order advection schemes
and geometric curve representations, as well as sparse and adaptive grids can make our method
both more efficient and more numerically accurate.

Finally, this chapter explores vortex filaments and curve shortening flows, but our ideas are
not limited to these specific dynamical systems. We expect that the idea of exploiting hidden
degrees of freedom in implicitly represented curve dynamics will generalize to many more types
of dynamics appearing in both scientific fields and engineering applications.
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CHAPTER 6
Symplectic structures on the space of

space curves

The content of this chapter is the article: Martin Bauer, Sadashige Ishida, and Peter W.
Michor. Symplectic structures on the space of space curves. Preprint. arXiv:2407.19908, 2024.

In the previous chapters, we studied symplectic geometry of codimension-2 shape space with
respect to the Marsden–Weinstein (MW) structure. To the best of the author’s knowledge,
MW structure was the only symplectic structure previously found and studied on this space.

In this chapter, we focus on the case of base dimension 3, namely the space of space curves.
We introduce new symplectic structures on this space, which generalize the MW structure.

Our method integrates the Liouville 1-form of the MW structure with Riemannian structures
that have been introduced in mathematical shape analysis. We also derive Hamiltonian vector
fields for several classical Hamiltonian functions with respect to these new symplectic structures,
leading to new Hamiltonian dynamics.

Dependency of the chapter This chapter is self-contained, as it reintroduces key concepts
appearing in previous chapters. For a deeper understanding of the general background on the
symplectic geometry of the codimension-2 shape space, readers may find Chapter 2 useful.

6.1 Introduction

Motivation and background The space of unparametrized space curves

UImmpS1,R3q :“ ImmpS1,R3q{ Diff`pS1q

as an infinite dimensional orbifold is known to have a symplectic structure called the Marsden-
Weinstein structure (MW-structure) [MW83]. Here ImmpS1,R3q denotes the space of
immersions of S1 into R

3 and Diff`pS1q is the orientation preserving diffomorphisms acting
on immersions as reparametrizations.

The MW structure is thought of as a canonical symplectic structure as it is formally a
Kirillov-Kostant-Souriau form by regarding space curves as linear functionals on the space
of divergence-free vector fields in R

3; see eg. [MW83, Theorem 4.2] and [AK21, Chapter VI,
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6. Symplectic structures on the space of space curves

Proposition 3.6]. Another incentive for studying the MW symplectic structure can be found in
its appearance in mathematical fluid dynamics: for example, one can interpret vortex filaments
as the MW flow of the kinetic energy of the velocity field induced by vorticity concentrated
on the curve. Via so-called localized induction approximation vortex filaments reduce to the
binormal flow, which is a completely integrable system and is again an MW flow for the length
functional as the Hamiltonian, see eg. [Saf93, Chapter 11] or [MB01, Chapter 7] and the
references therein.

To the best of the authors’ knowledge, to date no symplectic structures other than the MW
form have been studied on the space of unparametrized space curves. Riemannian structures
on this space, on the other hand, have attracted a significant amount of interest; primarily due
to their relevance to mathematical shape analysis [You10, SK16, BBM14]. The arguably most
natural such metric, the reparametrization invariant L2-metric admits a surprising degeneracy:
the geodesic distance between any pair of curves vanishes on both the space of parametrized
and unparametrized curves [MM05, BBHM12]. This result renders the L2-metric unsuited
as a basis for mathematical shape analysis and thus started a quest for stronger Riemannian
metrics, which induce a non-degenerate distance function and consequently can be used for
applications in these areas, see eg. [MM06, YM05, SKJJ10, BBHMA17] and the references
therein. In these previous works, a typical approach to define a new Riemannian metric is to
incorporate a suitable operator L into the aforementioned standard L2-metric G.

On the other hand, the MW-form Ω̄MW has a Liouville form Θ̄MW (i.e., 1-form Θ s.t. ´dΘ “ Ω̄)
as we saw in Section 2.3.2.1 Our key observation is that both the MW form Ω̄MW and the
Liouville form Θ̄MW are related to the L2-metric G via an almost complex structure, induced
on the shape space by the cross product with the unit tangent vector of the curve c, i.e.,
Jcphq :“ cθ

|cθ| ˆ h; here c : S1 Ñ R
3 is a space curve and h : S1 Ñ R

3 is a tangent vector to c.
We have,

¯ΩMW
c̄ph̄, k̄q “ GcpJcphq, kq, Θ̄MW

c̄ ph̄q :“ ´
1

3
GcpJcpcq, hq

where c̄ is an element and h̄, k̄ are tangent vectors on UImmpS1,R3q related to c and
h, k P TcImmpS1,R3q by the projection from ImmpS1,R3q to UImmpS1,R3q.

Main contributions These relations between Riemannian geometry and symplectic geometry
on the space of space curves are the starting point of the present chapter: our principal goal
is to construct new symplectic structures on the space of unparametrized curves by combining
the above classical construction with more recent advances in Riemannian geometry of these
spaces, i.e., we construct new presymplectic structures by modifying the Liouville form of
the MW form using different Riemannian metrics from mathematical shape analysis. This
construction automatically leads to a closed 2-form (and thus a presymplectic form) on the
space of parametrized curves. Under certain assumptions on the Riemannian metric this form
then descends to a presymplectic structure on the space of unparametrized space curves and
thus it only remains to check the non-degeneracy of this 2-form to conclude that it is (weakly)
symplectic. Proving this property turns out to be surprisingly difficult and provides the main
technical contribution of the present chapter. Interestingly, in some cases the presymplectic

1In Section 2.3.2, we used the sign convention Ω “ dΘ. In this chapter we flip the sign for computational
convenience. Additionally we change the notation for the Liouville form from η used in Chapter 2 to Θ so
that both the MW form and the Liouville form are written with capital letters. But we emphasize that the
Liouville form Θ in this section is different from the Liouville form in the prequantum sense introduced in
Chapter 4 although they are both denoted by Θ.
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form still has a nontrivial kernel on the shape space, but becomes symplectic when the quotient
by a further 2-dimensional foliation is taken.

We also derive formulae for Hamiltonian vector fields of several classical Hamiltonian functions
generated by our new symplectic structures and provide numerical illustrations to qualitatively
show a few simple examples among these new Hamiltonian flows. The Riemannian counterparts
can be found in the area of geometric gradient flows on the space of curves, where the
investigations of gradient flows for certain well-known Energy functionals (e.g. the entropy or
length energy functional) for Riemannian metrics other than the L2-Riemannian metric has been
recently initiated, see e.g. the work of Okabe, Schrader, Wheeler and Wheeler [OSWW23,
SWW23]. In our investigations we observe that, for certain choices of Hamiltonian and
symplectic structure, we obtain a new representation of well-known Hamiltonian flows, i.e., we
may reproduce Hamiltonian flows of the MW symplectic structure from a different pair of a
symplectic structure and a Hamiltonian function. For other examples, we obtain genuinely
new Hamiltonian flows, which do not seem to be represented as a Hamiltonian flow for the
MW symplectic structure.

A seemingly more straightforward approach to obtain new symplectic structures is directly
defining a new skew-symmetric 2-form via alternating the Riemannian metric and combining it
with the almost complex structure J from the MW symplectic structure. This approach turns
out to be unsuccessful as the resulting skew-symmetric 2-form is usually not closed and thus
not even presymplectic. We discuss this approach and the resulting 2-forms in the appendix of
this chapter (Section 6.7). This highlights the non-trivial challenge of finding a 2-form which
is both closed and non-degenerate, rather than one being merely closed or non-degenerate.
This observation was our original incentive to follow the slightly more complicated procedure
described above.

Future directions In this chapter, we introduced new (pre)symplectic structures on the shape
space of space curves. Our procedure of modifying the Liouville form of a (pre)symplectic form
and taking the exterior derivative is not limited to such shape spaces. It would be interesting
to apply the same machinery for other infinite-dimensional (weak-)symplectic manifolds that
admit Liouville forms such as the space of complex functions on a domain or the cotangent
bundle of an infinite-dimensional Riemannian manifold.

At this point, the connection between new Hamiltonian flows and existing physical theories
seems to remain unclear. Hence we are also keen to use this new framework to find new
interpretations of physically relevant quantities as Hamiltonian flows, in a similar way that
certain compressible fluids are modeled as geodesic flows of higher order metrics [MM13].

Organization of the chapter In Section 6.2, we introduce Liouville forms via the modi-
fication of the L2-Riemannian metric, and then compute presymplectic forms by taking the
exterior derivative. In Section 6.3, we show that, a class of presymplectic structures attained by
conformal factors on the shape space are indeed weekly symplectic. We also derive Hamiltonian
vector fields with respect to these weak symplectic structures. In Section 6.4, we describe
more concretely symplectic structures induced by the length function as a special case of
conformal factors and provide several examples of Hamiltonian vector fields. In Section 6.5,
we discuss the presymplectic structure induced by the curvature-weighted metric, where we
leave the non-degeneracy open for future research. In Section 6.6, we numerically illustrate
simple Hamiltonian flows with respect to symplectic structures induced by length functions.
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6. Symplectic structures on the space of space curves

Finally, in Section 6.7, we explain an alternative approach via almost symplectic structures
and the resulting conformal symplectic structures.

Notational conventions In this chapter, we adopt some notations tailored to its specific
content, which deviates from the conventions used in previous chapters.

For instance, from Chapter 2 to Chapter 4, we wrote parametrized shapes with a tilde (e.g., γ̃ P
EmbpS,Mq), and unparametrized shapes with a raw alphabet (e.g., γ P EmbpS,Mq{ Diff`pSq).
We made this choice because we performed our analysis in those chapters in a parameterization-
free manner, and simpler notation helped with readability.

In this chapter, this convention is reversed. Parametrized shapes and their related quantities
will use plain letters (e.g., c P ImmpS1,R3q), while unparametrized shapes and their associated
quantities will have an overbar (e.g., c̄ P ImmpS1,R3q{ Diff`pS1q). We make this change
because much of the analysis in this chapter uses parametrization of curves, so using the raw
alphabets for them makes the exposition clearer.

In addition, we denote differential forms (including symplectic forms) and Riemannian metrics
with capital characters. With this, we aim to ensure clarity, especially with the frequent use of
multiple subscripts and superscripts. For example, we denote the MW structure at c̄ P UImm

by Ω̄MW
c̄ . The subscript ‘MW’ is added to identify this specific structure, as several different

symplectic structures appear in this chapter. We do so to avoid confusion caused by using
lowercase characters like ω. When combined with various subscripts like ‘MW’, they can
appear similar in font size to the main symbol, making it difficult to distinguish between the
primary object and its subscript.

6.2 Liouville structures and (pre)symplectic structures

Marsden–Weinstein form on the space of unparametrized curves

We briefly review the MW structure on the shape space of unparametrized space curves as
an infinite-dimensional orbifold. This is essentially a special case of the generic setting for
codimension-2 submanifolds, explained in Chapter 2. Nevertheless, we outline the setting here
to make this chapter self-contained. The only difference from the setting given in Chapter 2 is
that we allow self-intersections of curves in this chapter, namely deal with immersions rather
than embeddings.

We consider the space of regular space curves:

ImmpS1,R3q :“
␣
c P C8pS1,R3q : |Bθc| ‰ 0

(
,

which consists of immersions of S1 into R
3. The space ImmpS1,R3q is an open subset of the

vector space C8pS1,R3q and thus, similar as in finite dimensions, it is a manifold with tangent
space given by the sections of the pullback bundle by c,

TcImmpS1,R3q “ Γpc˚TR3q.

Since R
3 is a vector space, Γpc˚TR3q is identified with C8pS1,R3q. In light of this, we treat

TcImmpS1,R3q as C8pS1,R3q throughout this chapter.

We will denote differentiation with respect to θ by a subscript, i.e., we write Bθc “ cθ and
Bθh “ hθ for c P ImmpS1,R3q and h P TcImmpS1,R3q. Furthermore, we will occasionally
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6.2. Liouville structures and (pre)symplectic structures

consider constant vector fields on ImmpS1,R3q obtained by extending tangent vectors h P
TcImmpS1,R3q at some c to the entire ImmpS1,R3q. We will denote this vector field also by
h for simplicity, without explicitly stating so whenever it is clear from the context.

On the manifold of immersions we consider the action of the group of orientation-preserving
diffeomorphisms Diff`pS1q by composition from the right. This leads us to consider the
quotient (shape) space via the projection

π : ImmpS1,R3q Ñ UImmpS1,R3q :“ ImmpS1,R3q{ Diff`pS1q,

which is an infinite dimensional orbifold with finite cyclic groups at the orbifold singularities,
see [CMM91] and [Mic08, 7.3].

The vertical direction of the tangent space TcImmpS1,R3q with respect to the natural fibration
π : ImmpS1,R3q Ñ UImmpS1,R3q consists exactly of all fields h that are tangent to its foot
point c, i.e., h “ acθ with some a P C8pS1q. Hence the tangent space at c̄ “ πpcq is

Tc̄UImmpS1,R3q “ TcImmpS1,R3q{ ker dπ|c

“ C8pS1,R3q{tacθ P C8pS1,R3q | a P C8pS1qu.

Intuitively, we mod out all the tangent vectors that do not change the shape c̄.

In Section 2.3, we saw that UEmbpS1,R3q “ EmbpS1,R3q is a symplectic manifold equipped
with the MW symplectic form. The MW form extends to the larger space UImmpS1,R3q and
can be explicitly written using the pullback 2-form ΩMW :“ π˚Ω̄MW on ImmpS1,R3q:

ΩMW
c ph, kq “

ż

S1

detpBθc, h, kqdθ, h, k P TcImmpS1,R3q.

Note that Ω̄MW has a Liouville 1-form Θ̄MW i.e., Ω̄MW “ ´dΘ̄MW, which also has an explicit
expression via the pullback 1-form ΘMW :“ π˚Θ̄MW:

ΘMW
c phq “

1

3

ż

S1

detpBθc, c, hqdθ.

We will find new symplectic structures by modifying the Liouville form Θ̄MW in a way inspired
by the recent study of Riemannian metrics in shape analysis, which we explain now.

Reparametrization invariant Riemannian metrics on spaces of curves

On the space of parametrized curves we will consider reparameterization invariant (weak)-
Riemannian metrics of the form:

GL
c ph, kq “

ż

S1

xLch, ky|cθ|dθ “

ż

S1

xh, Lcky|cθ|dθ

where L P ΓpEndpT ImmpS1,R3qq is an operator field, depending smoothly on c P ImmpS1,R3q
such that for each fixed curve c the operator

Lc : TcImmpS1,R3q “ C8pS1,R3q Ñ TcImmpS1,R3q “ C8pS1,R3q

is an elliptic pseudo differential operator that is equivariant under the right action of the
diffeomorphism group Diff`pS1q and also under the left action of SOp3q, and which is also
self-adjoint with respect to the L2-metric, i.e.,

Lc˝φph ˝ φq “ pLcphqq ˝ φ and
ż

xLch, kyds “

ż
xh, Lckyds .
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6. Symplectic structures on the space of space curves

Remark 6.2.1 (Sobolev metrics). An important class of such metrics is the class of Sobolev
Hm-metrics, where L “ p1 ´ p´1qmD2m

s q with Ds “ 1
|cθ|Bθ being the arclength derivative.

Using the notation ds “ |cθ|dθ for the arclength measure we obtain for m “ 0 the metric

Gid
c ph, kq “

ż

S1

xh, ky|cθ|dθ “

ż

S1

xh, kyds

and for m “ 1 the metric

Gid ´D2
s

c ph, kq “

ż

S1

xh, ky ` x´D2
sh, kyds “

ż

S1

xh, ky ` xDsh,Dskyds.

All these metrics can be written in terms of arc-length derivative Ds “ 1
|cθ|Bθ and arc-length

integration ds “ |cθ|dθ only. It has been shown that each such metric induces a corresponding
metric on the shape space UImmpS1,R3q such that the projection π : ImmpS1,Rq Ñ
UImmpS1,R3q is a Riemannian submersion [MM07]. In finite dimension this would follow
directly from the invariance of the metric, but in this infinite dimensional situation one has to
show in addition the existence of the horizontal complement (with respect to . the Riemannian
metric). We will see, however, that this particular class of metrics will not be suited for the
purpose of the present chapter, as the induced symplectic structure will not descend to a
symplectic structure on the quotient space.

The induced Liouville 1-form

Next we will use the metric GL to define a (Liouville) 1-form on ImmpS1,R3q. Therefore we
consider for c P ImmpS1,R3q and h P TcImmpS1,R3q the 1-form:

ΘL
c phq :“ GL

c pc ˆ Dsc, hq “

ż
xc ˆ Dsc, Lchyds “

ż
detpc,Dsc, Lchqds,

where ˆ denotes the vector cross product on R
3. We have the following result concerning its

invariance properties:

Lemma 6.2.2 (Liouville 1-form). For any inertia operator L, which is equivariant under the
right action of the group of all orientation preserving diffeomorphisms and the left action of
the rotation group SOp3q, the induced Liouville 1-form ΘL is invariant under the right action
of Diff`pS1q and the left action of SOp3q, i.e., for any c P Imm, h P TcImm, φ P Diff`pS1q
and O P SOp3q we have

ΘL
Opc˝φqpOph ˝ φqq “ ΘL

c phq.

Proof. We will only show the reparametrization invariance, the invariance under SOp3q is
similar but easier. Using the equivariance of both L and Ds we calculate

ΘL
c˝φph˝φq “

ż
xc˝φˆpDscq˝φ, pLchq˝φy|cθ|˝φ|φ1| dθ “

ż
xcˆDsc, Lchyds “ ΘL

c phq.

Remark 6.2.3. If L is equivariant under the left action of not only SOp3q but of the larger
group SLp3q “ tM P GLp3,Rq | detpMq “ 1u, then also ΘL is invariant under SLp3q. This
is the case for the Marsden-Weinstein structure L “ id (see Remark 6.2.5), but in general not
for the inertia operators we deal with in this chapter.
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The induced presymplectic form on ImmpS1,R2q

Once we have defined the 1-form Θ we can formally consider the induced symplectic form

ΩL
c ph, kq :“ ´dΘL

c ph, kq “ ´Dc,hΘ
L
c pkq ` Dc,kΘ

L
c phq ` ΘL

c prh, ksq,

where d denotes the exterior derivative, Dc,h denotes the directional derivative at c P
ImmpS1,R3q in the direction h, and when applied to a function f : ImmpS1,R3q Ñ R,
we have Dc,hf “ Lhfpcq. The bracket rh, ks is the Lie-bracket in XpImmpS1,R3qq given by
rh, ks “ Dc,hk ´ Dc,kh.

In the following theorem we calculate this 2-form explicitly:

Theorem 6.2.4 (The (pre)symplectic form ΩL on parametrized curves). Let c P ImmpS1,R3q
and h, k P TcImmpS1,R3q. We have

ΩL
c ph, kq “

ż ´
xDsc, Lch ˆ k ` h ˆ Lcky ´ xc,Dsh ˆ Lck ` Lch ˆ Dsky

` xc ˆ Dsc, pDc,kLcqh ´ pDc,hLcqky
¯
ds

(6.2.1)

Furthermore, ΩL is invariant under the right action of Diff`pS1q and under the left action of
SOp3q.

Remark 6.2.5 (Marsden-Weinstein symplectic structure). It is known that for the invariant
L2-metric, i.e., L “ id, one obtains three times the Marsden-Weinstein (weak)-symplectic
structure with this procedure (See [Tab17, PCK`19] for example), i.e.,

3ΩMW
c ph, kq :“ Ωid

c ph, kq “ 3

ż

S1

xDsc ˆ h, kyds “ 3

ż
detpDsc, h, kqds.

Its kernel consists exactly of all vector fields along c which are tangent to c, so by reduction it
induces a presymplectic structure on shape space ImmpS1,R3q{ Diff`pS1q which is easily seen
to be weakly non-degenerate and thus is a symplectic structure there.

Proof of Theorem 6.2.4. To prove the formula for ΩL we first collect several variational
formulas, see eg. [MM06] for a proof:

ds “ |cθ|dθ, Dc,hds “
xhθ, cθy

|cθ|
dθ “ xDsh,Dscyds

Ds “
1

|cθ|
Bθ, Dc,hDs “

´xhθ, cθy

|cθ|3
Bθ “ ´xDsh,DscyDs.

Since ImmpS1,R3q is open in C8pS1,R3q, we can choose globally constant h, k i.e., indepen-
dent of the location c on ImmpS1,R3q, namely Dc,hpkq “ Dc,kphq “ 0 and rh, ks “ 0. Using
Dc,hpLckq “ pDc,hLcqk ` Lcphpkqq “ pDc,hLcqk, we compute

Dc,hΘ
L
c pkq “

ż ´
detph,Dsc, Lckq ´ xDsh,Dscy detpc,Dsc, Lckq ` detpc,Dsh, Lckq

` detpc,Dsc, pDc,hLcqkq ` xDsh,Dscy detpc,Dsc, Lckq
¯
ds

“

ż ´
detph,Dsc, Lckq ` detpc,Dsh, Lckq ` detpc,Dsc, pDc,hLcqkq

¯
ds.
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Thus we get for ΩL:

ΩL
c ph, kq “ ´Dc,hΘ

L
c pkq ` Dc,kΘ

L
c phq ` 0

“

ż ´
´ detph,Dsc, Lckq ` detpk,Dsc, Lchq ´ detpc,Dsh, Lckq ` detpc,Dsk, Lchq

´ det
`
c,Dsc, pDc,hLcqk ´ pDc,kLcqh

˘¯
ds

“

ż ´
xDsc, Lch ˆ k ` h ˆ Lcky ´ xc,Dsh ˆ Lck ´ Dsk ˆ Lchy

´ xc ˆ Dsc, pDc,hLcqk ´ pDc,kLcqhy
¯
ds,

which yields the desired formula for ΩL. The invariance properties of ΩL follow directly from
the corresponding invariance properties of ΘL.

The induced symplectic structure on UImmpS1,R3q

In the previous part we have calculated a (pre)symplectic form on the space of parametrized
curves ImmpS1,R3q; we are, however, rather interested to construct symplectic structures on
the shape space of geometric curves UImmpS1,R3q. The following result contains necessary
and sufficient conditions for the forms ΘL and ΩL to descend to this quotient space:

Theorem 6.2.6 (The (pre)symplectic structure on unparametrized curves). The form ΩL

factors to a (pre)symplectic form Ω̄L on UImmpS1,R3q if the inertia operator L is equivariant
under the Diff`pS1q-action and maps vertical tangent vectors to spantc, cθu, i.e., if for
all c P ImmpS1,R3q and a P C8pS1q we have Lcpa.cθq “ a1cθ ` a2c for some functions
ai P C8pS1q.

Proof. The Liouville form ΘL on ImmpS1,R3q factors to a smooth 1-form Θ̄L on shape space
UImmpS1,R3q with ΘL “ π˚Θ̄L if and only if ΘL is invariant under under the reparameteri-
zation group Diff`pS1q and is horizontal in the sense that it vanishes on each vertical tangent
vector h “ a.cθ for a in C8pS1,Rq.

Since ΘL is invariant under the reparameterization group Diff`pS1q by construction it only
remains to determine a condition on L such that ΘL vanishes on all vertical h, i.e., we want

ΘL
c pacθq “

ż
xc ˆ Dsc, Lcpacθqyds “ 0.

From here it is clear that this holds if Lcpa.cθq “ a1cθ ` a2c for some functions ai P C8pS1q.

In that case also its exterior derivative satisfies

ΩL “ ´dΘL “ ´dπ˚Θ̄L “ ´π˚dΘ̄L “: π˚Ω̄L

for the presymplectic form Ω̄L “ ´dΘ̄L on UImmpS1,R3q.

Example 6.2.7 (Inertia operators with a prescribed horizontal bundle). There are several
different examples of operators that satisfy these conditions, including in particular the class
of almost local metrics:

Lcphq “ F pcq.h for F P C8pImmpS1,R3q,Rą0q, for example

Lcphq “ Φpℓpcqqh, Lcphq “ Φp

ż

S1

κ2

2
dsqh, Lcphq “ p1 ` Aκ2qh,
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where κc “ |D2
sc| denotes the curvature and Φ: Rě0 Ñ Rą0 is a suitable smooth function.

Note, that the class of Sobolev metrics, as introduced in Remark 6.2.1 does not satisfy the
conditions of the above theorem. Thus these metrics do not induce a (pre)symplectic form on
the quotient space. By including a projection operator in their definition one can, however,
modify these higher-order metrics to still respect the vertical bundle:

Lch “
´

prcp1 ´ p´1qkD2k
s q prc `p1 ´ prcqp1 ´ p´1qkD2k

s qp1 ´ prcq
¯
h,

where prc h “ xDsc, hyDsc is the L2-orthogonal projection to the vertical bundle. For more
details see [BH15], where metrics of this form were studied in detail.

Remark 6.2.8 (Horizontal ΩL-Hamiltonian vector fields and Ω̄L-Hamiltonian vector fields). In
the following we assume that the inertia operator L P ΓpEndpT ImmpS1,R3qq induces a (weak)
symplectic structure on UImmpS1,R3q, i.e., it satisfies the conditions of Theorem 6.2.6 and is
moreover weakly non-degenerate in the sense that Ω̄L : TUImmpS1,R3q Ñ T ˚UImmpS1,R3q
is injective. Since T ˚

c π ˝ Ω̄L
πpcq ˝ Tcπ “ ΩL

c , this is equivalent to the kernel of ΩL
c : TcImm Ñ

T ˚
c Imm being equal to the tangent space to the Diff`pS1q-orbit c ˝ Diff`pS1q for all c. Thus

ΩL
c restricted to the GL-orthogonal complement of Tcpc ˝ Diff`pS1qq is injective. See [KM97,

Section 48] for more details.

Assume that H is a Diff`pS1q-invariant smooth function on ImmpS1,R3q. Then H induces a
Hamiltonian function H̄ on the quotient space UImmpS1,R3q with H̄ ˝ π “ H. Since the
2-form ΩL on ImmpS1,R3q is only presymplectic it does not directly define a Hamiltonian
vector field. However, if each dHc lies in the image of ΩL : T ImmpS1,R3q Ñ T ˚ImmpS1,R3q,
then a unique smooth horizontal Hamiltonian vector field X P XpImmq is determined by

dH “ ιXΩL “ ΩLpX, q and GL
c pXc, T c.Y q “ 0, @Y P XpS1q

which we will denote by hgradΩL

pHq. Obviously we then have

gradΩ̄L

pH̄q ˝ π “ Tπ ˝ hgradΩL

pHq.

Here and in the rest of the chapter, we write gradAE for the vector field satisfyingApgradAE, ¨q “
dE for a given non-degenerate bilinear form A such as a Riemannian metric and a symplectic
form, and a function E.

Sometimes the kernel of ΩL will be larger than the tangent spaces to the Diff`pS1q-orbits;
then hgradΩL

pHq will be chosen GL-perpendicular to the kernel of ΩL. This will happen in
Theorem 6.3.2, for example, where L is a function of c such that ΘL

c is also invariant under
scaling. The Hamiltonian H factors to the corresponding space ImmpS1,R3q{ ker ΩL (which
denotes the quotient by the foliation generated by ker ΩL) if H is additionally invariant under
each vector in ker ΩL.

Remark 6.2.9. For the Marsden-Weinstein structure ΩMW “ ´dΘ
1
3

id, we have

hgradΩMW

H “ ´Dsc ˆ gradG
id

H

since

GidpDsc ˆ ¨, ¨q “ ΩMWp¨, ¨q.
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Remark 6.2.10 (Momentum mappings). If a Lie group G acts on ImmpS1,R3q and preserves
ΘL, the corresponding momentum mapping J can be expressed in terms of ΘL and the
fundamental vector field mapping ζ : g Ñ XpImmpS1,R3qq. For Y P g, we have

xJpcq, Y y “ ΘLpζY qc “

ż
xc ˆ Dsc, LcζY yds,

where x¨, ¨y : g˚ ˆ g Ñ R is the duality product and ζY is the fundamental vector field
generated by Y . Namely,

dΘLpζY q “ dιζY
ΘL “ LζY

ΘL ´ ιζY
dΘL “ 0 ´ ιζY

ΩL.

Lemma 6.2.2 asserts that ΘL is invariant under the right action of Diff`pS1q and the left
action of SOp3q.

Thus for X “ a.Bθ P XpS1q “ C8pS1qBθ the reparameterization momentum is given as
follows:

ζa.Bθpcq “ Dc,a.cθ
as derivation at c on C8pImm,Rq

“ a.cθ “ a.|cθ|Dsc P TcImm “ C8pS1,R3q

Lc˝φph ˝ φq “ pLchq ˝ φ ùñ pDc,a.cθ
Lcqphq ` Lcpa.hθq “ a.pLchqθ

xJDiff`pS1qpcq, a.Bθy “ ΘL
c pζa.Bθpcqq “ ΘL

c pa.cθq “

ż
xc ˆ Dsc, Lcpa.cθqyds

“

ż
xc ˆ Dsc, a.pLccqθ ´ pDc,a.cθ

Lcqpcqyds.

For Y P sop3q the angular momentum is

xJSOp3qpcq, Y y “ ΘLpY ˝ cq “

ż
xc ˆ Dsc, LcpY ˝ cqyds

“

ż
xc ˆ Dsc, Y ˝ Lcpcq ´ Dc,Y ˝cLcpcqyds

where Y ˝ c “ ζY pcq denotes the multiplication of Y as a matrix with c as a vector. For a
correct interpretation of the angular momentum recall (from [Mic08, 4.31], e.g.) that the
action of Y P R

3 – sop3q – LskewpR3,R3q on R
3 is given by X ÞÑ 2Y ˆ X.

If L is also invariant under translations, then the linear momentum, for y P R
3, is

xJR3

pcq, yy “ ΘL
c pyq “

ż
xc ˆ Dsc, Lcpyqyds .

Note that the above also furnishes conserved quantities on UImmpS1,R3q, if Ω̄L is non-
degenerate.

6.3 Symplectic structures induced by conformal factors

In this section we consider symplectic structures induced by Riemannian metrics, that are
conformally equivalent to the L2-metric, i.e., we consider the GL metric for Lc “ λpcq where
λ : ImmpS1,R3q Ñ Rą0 is invariant under reparametrization. Thus λ factors to a function
λ̄ : UImmpS1,R3q Ñ Rą0 by π˚λ̄ “ λ̄ ˝ π “ λ. Moreover, if gradG

id

c λ exists (which we
assume) it is pointwise perpendicular to Dsc.
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We first study the scale invariance of the corresponding Liouville 1-form, which will be of
importance for the calculation of the induced (pre)symplectic structure. We say ΘL is scale-
invariant at c P ImmpS1,R3q if LIΘ

L
c “ 0 where I P ΓpT ImmpS1,R3qq is the scaling vector

field Ic :“ c with flow FlIt pcq “ et.c. Depending on the context, we use both I and c for
scaling as a tangent vector in this chapter.

Lemma 6.3.1 (Scale invariance of Θλ). Let Lc “ λpcq id. Then the following are equivalent:

(a) Θλ is invariant under scalings.

(b) 3λpcq ` LIλpcq “ 3λpcq ` Dc,cλpcq “ 0 for all c P ImmpS1,R3q.

(c) λpcq “ Λpc{ℓpcqq.ℓpcq´3 for a smooth function Λ : tc P Imm : ℓpcq “ 1u Ñ Rą0,

where ℓpcq is the length of c.

Proof. We have the following equivalences.
paq ðñ pbq:

LIΘ
λ “ LIpλΘidq “ dιIpλΘidq ` ιIdpλΘidq “ 0 ` ιIpdλ ^ Θid ` λdΘidq

“ ιIdλ ^ Θid ` 0 ` λιIdΘ
id “ pιIdλqΘid ´ λιIΩ

id “ pιIdλ ` 3λqΘid.

pbq ðñ pcq: Let ℓpcq “ 1.

Btλptcq “ dλtc “ Dc,tcλ “ 1
t
Dtc,tcλ “ ´3

t
λptcq

ðñ Bt logpλptcqq “ ´3
t

ðñ logpλptcq “ logpΛpcqt´3q ðñ λptcq “ Λpcq.t´3.

Equipped with the above Lemma we are now ready to calculate the induced symplectic
structure Ωλ, where we will distinguish between the scale-invariant and non-invariant case.

Theorem 6.3.2 (The (pre)symplectic structure Ωλ). Let Lc “ λpcq id be Diff`pS1q-invariant.
Then the induced (pre)symplectic structure on ImmpS1,R3q is given by

Ωλ “ λΩid ` Θid ^ dλ. (6.3.1)

Furthermore we have

(a) If 3λpcq ` pLIλqpcq “ 3λpcq ` Dc,cλpcq ‰ 0 on any open subset of ImmpS1,R3q, then
Ωλ induces a non-degenerate 2-form on UImmpS1,R3q, which is thus symplectic.

(b) Assume in addition, that X :“ hgradΩid

λ exists, is smooth, admits a flow, and that
3λpcq ` pLIλqpcq “ 0 for all c. Denote by F the involutive 2-dimensional vector sub-

bundle spanned by the vector fields I and hgradΩid

λ. Then Ωλ induces a non-degenerate
2-form on ImmpS1,R3q{pDiff`pS1q ˆ Fq. If LXℓ “ 0, it is also non-degenerate on

tc̄ P UImmpS1,R3q : ℓ̄c̄ “ 1u{ spanpgradΩ̄id

λ̄q where ℓ “ ℓ̄ ˝ π denotes the length
function ℓ̄ on UImmpS1,R3q.
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Remark 6.3.3 (Smooth structure of the orbit space). In case (b), the vector field X :“

hgradΩid

λ exists in XpImmpS1,R3qq if and only if gradG
id

λ exists and is smooth as we have
hgradΩid

λ “ hgrad3ΩMW

λ “ ´1
3
DscˆgradG

id

λ. This is equivalent to λ̄ P C8pUImmpS1,R3q,Rq.

For details, see [BIM24, Appendix]. Moreover, the vector fields I and hgradΩid

λp“ 1
3

hgradΩMW

λq

are linearly independent at any c because Ωid
c phgradΩid

c λ, Icq “ ιIdλpcq “ ´3λpcq ‰ 0 by as-
sumption. So the dimension of F is always 2. We project to the leaf space of the 2-dimensional
distribution if it is integrable. This is the case, if the flow of X “ hgradΩid

c λ and thus also of
gradΩ̄id

λ̄ exists; then the flows of I and gradΩ̄id

λ̄ combine to a 2-dimensional pax` bq-group
acting on ImmpS1,R3q. We assume that this is the case; to prove existence of the flow one
has first to specify λ and then solve a non-linear PDE.

Furthermore, the smooth structure of the quotient space ImmpS1,R3q{pDiff`pS1q ˆ Fq is
slightly subtle: it is always a Frölicher space with tangent bundle, see [KM97, Section 23]. If
local smooth sections of the projection to the leaf space exist and if the pax` bq-orbits admit
slices, then we get a principal bundle with structure group the pax ` bq-group in the category
of orbifolds, so the leaf space is also an orbifold.

Proof. The formula directly follows from the product rule applied to dpΘλq “ dpλΘidq.

Case (a): We now show the non-degeneracy; if a tangent vector h satisfies h K Dsc pointwise
and Ωλ

c ph, kq “ 0 for any k, then h “ 0. First, choosing k “ a.c with some non-zero constant
a P R

ˆ we get from a.c P ker Θid that,

0 “ Ωλ
c ph, acq “ λΩidph, acq ` Θidphqιa.cdλ ´ 0 “ ar3λ ` Dc,cλsΘidphq.

With our assumption 3λ ` Dc,cλ ‰ 0 we see h P ker Θid.

Next, we test for h P ker Θid and k “ a.c with some function a P C8pS1q to see

Ωλ
c ph, a.cq “ λΩidph, a.cq “ 3λ

ż
axc ˆ Dsc, hyds.

If this vanishes for any function a, we have xc ˆ Dsc, hy “ 0 everywhere. We now consider
the regions:

(i) The open subset U “ tθ P S
1 : cpθq ˆ Dscpθq ‰ 0u,

(ii) The closed set S1zU “ tθ P S
1 : cpθq ˆ Dscpθq “ 0u.

Any h satisfying both h K Dsc and h K pcˆDscq pointwise is of the form h “ b.c` v with a
function b P C8pS1q supported on U and a vector field v P C8pS1,R3q supported on S

1zU
and v K Dsc (and hence v K c as well). Then we have

Ωλ
c ph, kq “ λΩidph, kq ` Θidphqιkdλ ´ Θidpkqιhdλ

“ λΩidpb.c, kq ` 0 ´ Θidpkqιb.cdλ

` λΩidpv, kq ` 0 ´ Θidpkqιvdλ

“

ż

S1

xp3λ.b ` Dc,b.cλ ` Dc,vλqDsc ˆ c ` 3λ.Dsc ˆ v, kyds.
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We assumed that Ωλ
c ph, kq “ 0 for all k, in particular, for ones supported on S

1zU . Hence we
have v ” 0. With this we have

Ωλ
c ph, kq “

ż

U

p3λ.b ` Dc,b.cλqxDsc ˆ c, kyds.

In order that Ωλ
c ph, kq “ 0 for any k, we must have 3λ.b`Dc,b.cλ ” 0 on U . Since Dc,b.cλ P R

is constant, b is constant. Hence we have bp3λ`Dc,cλq ” 0 and get b ” 0 from our assumption
3λ ` Dc,cλ ‰ 0. Thus we obtained h “ 0.

Case (b): By assumptionX :“ hgradΩid

λ exist; i.e., dλ is in the image of Ωid : T ImmpS1,R3q Ñ
T ˚ImmpS1,R3q and satisfies dλ “ ιXΩid and xX,Dscy “ 0. Then we see X P ker Ωid

c by
direct computation using the assumed condition 3λc ` Dc,cλ “ 0;

pιXΘidqc “

ż
xc ˆ Dsc,Xyds “ 1

3
Ωid
c pXc, cq “ 1

3
ιIdλc “ ´λpcq Lemma 6.3.1.

pιXΩλqc “ ιXc
pλ.Ωid ` Θid ^ dλqc “ λpcq.ιXc

Ωid
c ` Θid

c pXcq.dλc ´ ιXc
dλpcq.Θid

c

“ λpcq.dλc ´ λpcq.dλc ´ 0 “ 0.

Note also that the scaling field Ic :“ c with flow FlIt pcq “ et.c is in the kernel of Ωλ
c as we

have

ιIΩ
λ
c “ λιIΩ

id
c ` Θidpcqdλ ´ Dc,cλΘid “ ´3λΘid ` 0 ´ Dc,cλΘid “ 0.

Thus Ī and X̄, the π-related versions of I and X, are in the kernel of Ω̄λ.

pLIλqpcq “ dλpcq “ ´3λpcq

LIΘ
id “ ιIdΘ

id “ ´ιIΩ
id “ 3Θid

LIΩ
id “ ´LIdΘ

id “ ´dLIΘ
id “ ´dp3Θidq “ 3Ωid

´3dλ “ LIdλ “ LIpιXΩidq “ pιXLI ` ιrI,XsqΩ
id “ 3ιXΩid ` ιrI,XsΩ

id

ιrI,XsΩ
id “ ´6dλ “ ´6ιXΩid

Thus ιrI,Xs`6XΩid “ 0, so rI,Xs ` 6X is in the kernel of Ωid. Their π-related version
rĪ , X̄s ` 6X̄ is in the kernel of Ω̄id which is weakly non-degenerate on UImmpS1,R3q. So
rĪ , X̄s “ ´6X̄ and also rI,Xs “ ´6X. Thus if the Frobenius integrability theorem applies in
this situation (equivalently, if the local flow of X exists), then the fields I and X span an
integrable distribution, and the leaf space exists.

Now we shall make use of λ̄pc̄q “ Λpc{ℓpcqq.ℓpcq´3, where c̄ “ πpcq P UImmpS1,R3q. The
function Λ is defined on the ℓ-unit sphere tc P ImmpS1,R3q : ℓpcq “ 1u. To simplify notation,
extend it constantly to ImmpS1,R3q so that Λpcq “ Λ|tℓ“1upc{ℓpcqq, and we let λ “ λ̄ ˝ π
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and Λ “ Λ̄ ˝ π. Then we have

dλcphq “ ℓpcq´3
´
dΛcphq ´ 3Λpcq 1

ℓpcq

ż
xDsh,Dscyds

¯

“ dΛp c
ℓpcq

´
´ ℓpcq´2.

ż
xDsh,Dscyds.c ` ℓpcq´1h

¯
´ 3Λp c

ℓpcqℓpcq
´4.

ż
xDsh,Dscyds

Ωλ
c ph, kq “ λpcqΩid

c ph, kq ` pΘid
c ^ dλcqph, kq

“ Λpc{ℓpcqq.ℓpcq´3.Ωid
c ph, kq ` ℓpcq´3Θid

c phq.
´
dΛcpkq ´ 3Λpcq 1

ℓpcq

ż
xDsk,Dscyds

¯

´ ℓpcq´3
´
dΛcphq ´ 3Λpcq 1

ℓpcq

ż
xDsh,Dscyds

¯
.Θid

c pkq.

We have diffeomorphisms which are equivariant under scalings

ImmpS1,R3q{ Diff`pS1q – ImmpS1,R3q{pDiff`pS1q ˆ Rą0q ˆ Rą0

– tc̄ P ImmpS1,R3q{ Diff`pS1q : ℓ̄pc̄q “ 1u ˆ Rą0

– tc̄ P ImmpS1,R3q{ Diff`pS1q : λ̄pc̄q “ 1u ˆ Rą0

c̄ ÐÑ
` 1

ℓ̄pc̄q
c̄, ℓ̄pc̄q

˘
ÐÑ

`
Λ̄pc̄{ℓ̄pc̄qq3c̄, ℓ̄pc̄q

˘

and presymplectomorphisms

ptc̄ P UImmpS1,R3q : ℓ̄pc̄q “ 1u, Ω̄λq Q c̄ ÞÑ F pc̄q “ Λ̄pc̄q1{3c̄ P ptc̄ P UImmpS1,R3q : λ̄pc̄q “ 1u, Ω̄idq

ptc̄ P UImmpS1,R3q : ℓ̄pc̄q “ 1u, Ω̄λq
ιℓ

ãÝÑ pUImmpS1,R3q, Ω̄λq

ptc̄ P UImmpS1,R3q : λ̄pc̄q “ 1u, Ω̄idq
ιλ

ãÝÑ pUImmpS1,R3q, Ω̄λq since

dFcpkq “ 1
3
Λpcq´2{3dΛpcqpkq.c ` Λpcq1{3k

DsF pcq “ 1
3
Λpcq´2{3dΛpcqpDscq.c ` Λpcq1{3Dsc

pF ˚Ωidqcph, kq “ Ωid
F pcqpdFcphq, dFcpkqq

“ 3

ż A
p1

3
Λpcq´2{3dΛcpDscq.c ` Λpcq1{3Dscq ˆ ˆp1

3
Λpcq´2{3dΛcphq.c ` Λpcq1{3hq,

p1
3
Λpcq´2{3dΛcpkq.c ` Λpcq1{3kq

E
ds

“ ΛpcqΩid
c ph, kq ` Θid

c phq.dΛpcqpkq ´ Θid
c pkq.dΛpcqphq

Since pUImmpS1,R3q, Ω̄idq is weakly symplectic and tc̄ P UImmpS1,R3q : λ̄pc̄q “ 1u is a
codimension 1 sub-orbifold diffeomorphic to tc̄ P UImmpS1,R3q : ℓ̄pc̄q “ 1u, the kernel of
pι˚λΩ̄

id
c̄ q is 1-dimensional, and we have already found it as X̄ “ gradΩ̄id

λ̄ which is tangent to
tc̄ P UImmpS1,R3q : λ̄pc̄q “ 1u.

Remark 6.3.4 (Symplectic reduction). Our reduction of the space UImmpS1,R3q in the
second case of Theorem 6.3.2 can be seen as an infinite-dimensional instance of the Marsden-
Weinstein-Meyer symplectic reduction. To see this, let us set X̄ :“ gradΩ̄id

c̄ λ̄ and take the
momentum map J̄ : UImmpS1,R3q Ñ R by J̄pc̄q :“ λ̄pc̄q, with the corresponding group action
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being the time-t flow of X̄ with c̄ as initial data. We have shown that Ω̄λ is degenerate on the
codimension-1 sub-orbifold J̄´1p1q “ tc̄ P UImmpS1,R3q | λ̄pc̄q “ 1u, and that it becomes
symplectic when factored onto the codimension-2 sub-orbifold J̄´1p1q{ gradΩ̄id

λ̄.

We also remark that the dual product for the momentum map J̄ is just the multiplication of
scalar values as we have

xJ̄pc̄q, ty “ ´Θ̄id
c̄ pt.X̄q “ t.λ̄pc̄q

for t P R such that the time-t flow map of X̄ exists. Here we used the invariance of Θ̄id
c̄ under

the flow of X̄, which is shown by LX̄Θ̄id
c̄ “ dιX̄Θ̄id

c̄ ` ιX̄Ω̄id
c̄ “ ´dλ̄ ` dλ̄ “ 0 mimicking

computations in the proof of Theorem 6.3.2. We may get the same result also using Θ̄λ and
gradΩ̄λ

c̄ λ̄ “ TcπphgradΩλ

c λq (Proposition 6.3.6) instead of Θ̄id and X̄ “ gradΩ̄id

c̄ λ̄.

Remark 6.3.5 (A pseudo-Riemannian metric via ΩL and J “ Dscˆ¨). Using the presymplectic
form ΩL and the standard almost complex structure

J : Tc̄UImmpS1,R3q Ñ Tc̄UImmpS1,R3q

h̄ ÞÑ Dsc ˆ h,

we may define a pseudo-Riemannian metric R̄, which is compatible with Ω̄L via J . Note that
such R̄ is different from the Riemannian metric GL factored onto UImmpS1,R3q we used to
define the Liouville form ΘL.

We here compute R̄ for the conformal factor Lc “ λpcq. In the computation, we identify the
tangent space at c̄ of UImmpS1,R3q with the space of tangent vectors h in TcImmpS1,R3q,
such that xDsc, hy “ 0, and denote J “ Dsc ˆ ¨.

We then have

R̄c̄ph̄, k̄q :“ Ωλ
c ph, Jkq “ λpcqΩid

c ph, Jkq ` ΘcphqLJkλpcq ´ ΘcpJkqLhλpcq.

By design R̄ is non-degenerate. The symmetry follows from Ωλ
c pJh, kq “ ´Ωλ

c ph, Jkq. It is,
however, not clear if R̄ is positive-definite, i.e., if it is a Riemannian metric. We leave this
question open for future research.

6.3.1 Hamiltonian vector fields

Now we compute the horizontal Hamiltonian vector field hgradΩλ

H for a given reparametrization-
invariant Hamiltonian H. We express hgradΩλ

H in terms of gradG
id

H since the latter is in
general relatively easy to obtain.

Proposition 6.3.6 (Horizontal Hamiltonian vector fields for Ωλ). Assume that gradG
id

λ

exists.
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(a) Consider a Diff`pS1q-invariant Hamiltonian H : ImmpS1,R3q Ñ R
3. If 3λ ` LIλ ‰ 0

on any open subset of ImmpS1,R3q then

hgradΩλ

H “ ´
1

3λpcq

#
Dsc ˆ gradG

id

H

`
1

3λpcq ` Dc,cλpcq

”
xgradG

id

c λ,Dsc ˆ gradG
id

HyL2
ds

pS1qDsc ˆ pDsc ˆ cq

´ xc, gradG
id

HyL2
ds

pS1qDsc ˆ gradG
id

c λ
ı+

.

(b) Consider a Hamiltonian H : ImmpS1,R3q Ñ R
3 invariant under Diff`pS1q and the flows

of the scaling vector field I and hgradΩMW

λ “ ´DscˆgradG
id

λ. If 3λpcq`Lc,Iλpcq “ 0

for all c then hgradΩλ

c H is the orthonormal projection of

XH
c “ ´

1

3λc
Dsc ˆ gradG

id

c H “
1

λc
hgradΩid

c H

to theGid
c -orthogonal complement of the kernel of Ωλ, which is spanned by I, hgradΩMW

λ,
and ta.Dsc | a P C8pS1qu, namely

hgradΩλ

c H “
1

3λpcq

´
´ Dsc ˆ gradG

id

c H ` ac.p1 ´ prcqIc ´ bc.Dsc ˆ gradG
id

λ
¯

where the pair pac, bcq P R
2 is given by

ˆ
ac
bc

̇
“

ˆ
xv, vyL2

xv, wyL2

xv, wyL2
xw,wyL2

̇´1 ˆ
xu, vyL2

xu,wyL2

̇
.

with

u “ ´Dsc ˆ gradG
id

H “ hgradΩMW

H

v “ p1 ´ prcqIc

w “ ´Dsc ˆ gradG
id

λ “ hgradΩMW

λ

where the matrix appearing here is invertible because vc and wc are linearly independent
at every c P ImmpS1,R3q.

Note that in the scale-invariant case (Case (b)), the flow of the field Y H projects to the
Hamiltonian flow of H̄ on tc̄ P UImmpS1,R3q : λ̄pc̄q “ 1u{ gradΩ̄id

λ̄ with respect to a
multiple of the Marsden-Weinstein symplectic structure.

Proof. Let us denote for simplicity A :“ gradG
id

λ and XH :“ hgradΩλ

H. We can isolate
out k from Ωλ

c pXH , kq by

ΩλpXH , kq “ λΩidpXH , kq ` ΘidpXHqDc,kλ ´ ΘidpkqDc,XH
λ

“

ż

S1

x3λ.Dsc ˆ XH ´ Dc,XH
λ.c ˆ Dsc ` ΘidpXHqA, kyds.

96



6.3. Symplectic structures induced by conformal factors

Using Ωλ
c pXH , kq “ dHpkq “ GidpgradG

id

H, kq, we get

0 “ ΩλpXH , kq ´ dHpkq

“

ż

S1

x3λ.Dsc ˆ XH ´ Dc,XH
λ.c ˆ Dsc ` ΘidpXHqA ´ gradG

id

H, kyds.

This must be satisfied for any k, namely we have

3λ.Dsc ˆ XH ´ Dc,XH
λ.c ˆ Dsc ` ΘidpXHqA ´ gradG

id

H “ 0. (6.3.2)

Our goal is to solve this for XH . Applying ´Dscˆ reads

3λ.XH ´ Dc,XH
λ.Dsc ˆ pDsc ˆ cq ´ ΘidpXHqDsc ˆ A ` Dsc ˆ gradG

id

H “ 0.

Let us set

XH “
´1

3λ
Dsc ˆ gradG

id

H ` K1Dsc ˆ pDsc ˆ cq ` K2Dsc ˆ Ac (6.3.3)

with some coefficients K1, K2 to be determined.

From

Dc,XH
λ “

ż
xAc, XHyds, ΘidpXHq “

ż
xc ˆ Dsc,XHyds,

we get

0 “ 3λK1.Dsc ˆ pDsc ˆ cq ` 3λK2.Dsc ˆ Ac

´

ż
xAc,

´1

3λ
Dsc ˆ gradG

id

H ` K1Dsc ˆ pDsc ˆ cqyds.Dsc ˆ pDsc ˆ cq

´

ż
xAc,

´1

3λ
Dsc ˆ gradG

id

H ` K2Dsc ˆ Acyds.Dsc ˆ Ac

“
”
K1

ˆ
3λ ´

ż
xAc, Dsc ˆ pDsc ˆ cqyds

̇

`
1

3λ

ż
xAc, Dsc ˆ gradG

id

Hyds
ı
Dsc ˆ pDsc ˆ cq

`
”
K2

ˆ
3λ `

ż
xDsc ˆ c,Dsc ˆ Acyds

̇

´
1

3λ

ż
xDsc ˆ c,Dsc ˆ gradG

id

Hyds
ı
Dsc ˆ Ac

“

„
K1 p3λ ` Dc,cλq `

1

3λ

ż
xAc, Dsc ˆ gradG

id

Hyds

ȷ
Dsc ˆ pDsc ˆ cq (6.3.4)

`

„
K2 p3λ ` Dc,cλq ´

1

3λ

ż
xDsc ˆ c,Dsc ˆ gradG

id

Hyds

ȷ
Dsc ˆ Ac.

In the last step we used

´

ż
xDsc ˆ pDsc ˆ cq, Acyds “

ż
xDsc ˆ c,Dsc ˆ Acyds “ Dc,p1´prcqcλ “ Dc,cλ

where the last equality is due to the reparametrization-invariance of λ.
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6. Symplectic structures on the space of space curves

Case (a): Observe that

K1 “ ´
1

p3λ ` Dc,cλq3λ

ż
xAc, Dsc ˆ pDsc ˆ cqyds,

K2 “
1

p3λ ` Dc,cλq3λ

ż
xDsc ˆ c,Dsc ˆ gradG

id

Hyds

“
1

p3λ ` Dc,cλq3λ

ż
xc, gradG

id

Hyds since gradG
id

HKDsc.

satisfy the equality. Substituting K1 and K2 to (6.3.3), we obtain the stated formula. Note
that the choice of the pair pK1, K2q is unique since ´p1 ´ prcqIc “ Dsc ˆ pDsc ˆ cq and
´ hgradΩMW

λ “ Dsc ˆ Ac are linearly independent at least for some θ, namely in a small
neighborhood. This follows from the linear independence of these two tangent vectors on
TcImmpS1,R3q, which is seen by the argument in the comment after Theorem 6.3.2 (b) with
the reparametrization invariance of Ωid.

Case (b): By assumption 3λ ` Dc,cλ “ 0 we see from (6.3.4) that,

0 “

„ż
xAc, Dsc ˆ gradG

id

Hyds

ȷ
Dsc ˆ pDsc ˆ cq´

´

„ż
xDsc ˆ c,Dsc ˆ gradG

id

Hyds

ȷ
Dsc ˆ Ac.

Using this equality, it is easy to check that

XH :“
´1

3λ
Dsc ˆ gradG

id

H

satisfies (6.3.2). At this point there are up to two degrees of freedom in vector fields that
satisfy (6.3.2). We can make XH the unique horizontal lift of gradΩ̄λ

H̄ by performing the
Gid
c -orthogonal projection with respect to p1 ´ prcqIc and hgradΩMW

c λ, and hence obtain the
stated expression. The resulting vector field XH is Gid-orthogonal to ta.Dsc | a P C8pS1qu,
hgradΩMW

λ and Ic.

6.4 Symplectic structures induced by length weighted

metrics

Next we study a special class of symplectic structures induced by conformal factors introduced
in the previous section; namely we consider length-weighted metrics as studied in [YM05,
MM06, Sha08]. More precisely, we consider operators of the form Lc “ Φpℓpcqq where
ℓpcq “

ş
S1 |cθ|dθ denotes the length of the curve c and Φ : Rą0 Ñ Rą0 is a suitable

function. Using Theorem 6.3.2 we obtain the following result concerning the induced symplectic
structure ΩΦpℓq:

Corollary 6.4.1 (The (pre)symplectic structure ΩΦpℓq). Let Φ P C8pRą0,Rą0q. The induced
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(pre)symplectic structure of the GΦpℓq-metric is given by:

ΩΦpℓq
c ph, kq “ ΦpℓpcqqΩidph, kq ´ Φ1pℓpcqq

ˆż

S1

xDsh,Dscyds Θidpkq ´

ż

S1

xDsk,Dscyds Θidphq

̇

“ ΦpℓpcqqΩidph, kq ` Φ1pℓpcqq

ˆż

S1

xh,D2
scyds Θidpkq ´

ż

S1

xk,D2
scyds Θidphq

̇
.

Furthermore, we have:

(a) If Φpℓq ‰ Cℓ´3 then the presymplectic structure Ω̄Φpℓq on UImmpS1,R3q is non-dege-
nerate and thus symplectic.

(b) If Φpℓq “ Cℓ´3, then Ωλ induces a non-degenerate 2-form on ImmpS1,R3q{pDiff`pS1qˆ

Fq » tc̄ P UImmpS1,R3q : ℓ̄ “ 1u{ spanpgradΩ̄id

ℓ̄q, where it agrees with a multiple
of the Marsden-Weinstein symplectic structure. Here F is the 2-dimensional vector

subbundle spanned by the scaling vector field I and hgradΩMW

ℓ “ Dsc ˆ D2
sc.

The Liouville form ΘCℓ´3

is invariant under the scaling action c ÞÑ a.c for a P Rą0, which is
equivalent to LIΘ

Cℓ´3

“ 0. Note also that we have a diffeomorphism which is equivariant
under scalings:

ImmpS1,R3q{ Diff`pS1q – ImmpS1,R3q{pDiff`pS1q ˆ Rą0q ˆ Rą0

– tc̄ P ImmpS1,R3q{ Diff`pS1q : ℓ̄pc̄q “ 1u ˆ Rą0

c̄ ÐÑ
` 1

ℓ̄pc̄q
c̄, ℓ̄pc̄q

˘

Proof. To calculate the formula for ΩΦpℓq we first need to calculate the variation of the length
ℓpcq. We have:

Dc,hℓpcq “

ż

S1

xDsh,Dscyds, Dc,hΦpℓpcqq “ Φ1pℓpcqq

ż

S1

xDsh,Dscyds .

Applying this to (6.2.1) using integration by parts, we get

ΩΦpℓq
c ph, kq “

ż

S1

2ΦpℓpcqqxDsc, h ˆ ky ´ Φpℓpcqqxc,Dsh ˆ k ´ Dsk ˆ hyds

´

ż

S1

xc ˆ Dsc, pDc,hΦpℓpcqqqkyds `

ż

S1

xc ˆ Dsc, pDc,kΦpℓpcqqqhyds

“ 3Φpℓpcqq

ż

S1

xDsc, h ˆ kyds ´ Φ1pℓpcqq

ż

S1

xDsh,Dscyds

ż

S1

xc ˆ Dsc, kyds

` Φ1pℓpcqq

ż

S1

xDsk,Dscyds

ż

S1

xc ˆ Dsc, hyds

“ ΦpℓpcqqΩidph, kq ´ Φ1pℓpcqq

ż

S1

xDsh,Dscyds Θidpkq ` Φ1pℓpcqq

ż

S1

xDsk,Dscyds Θidphq,

which proves the first formula for Ω. We may directly draw the last expression applying (6.3.1)
to λ “ Φpℓq.
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6. Symplectic structures on the space of space curves

Case (a): It follows from Theorem 6.3.2 (a) that ker ΩΦpℓq “ ta.Dsc | a P C8pS1qu, namely
ΩΦpℓq induces a symplectic form Ω̄Φpℓq on UImmpS1,R3q.

Case (b): By direct computation, we have hgradΩid

Cℓp “ 3Cpℓp´1Dsc ˆ D2
sc, which is a

constant multiple of the Marsden-Weinstein flow hgradΩMW

ℓ “ DscˆD2
sc, so these two vector

fields span the same distribution. Now the statements follow directly from Theorem 6.3.2
(b).

Now we will compute Hamiltonian vector fields. Therefore we note that the conditions of
Remark 6.2.8 are satisfied, which allows us to obtain the following result:

Corollary 6.4.2 (Horizontal Hamiltonian Vector Fields for ΩΦpℓq). Consider a Diff`pS1q-
invariant Hamiltonian H : ImmpS1,R3q Ñ R.

(a) If Φpℓq ‰ Cℓ´3, then:

hgradΩΦpℓq

c H “
1

3Φpℓpcqq

#
´ Dsc ˆ gradG

id

H

`
Φ1pℓpcqq

3Φpℓpcqq ` Φ1pℓpcqqℓpcq

”
xD2

sc,Dsc ˆ gradG
id

HyL2
ds

pS1qDsc ˆ pDsc ˆ cq

` xc, gradG
id

HyL2
ds

pS1qDsc ˆ D2
sc
ı+

. (6.4.1)

(b) If Φpℓq “ Cℓ´3, and if the Hamiltonian H : ImmpS1,R3q Ñ R
3 invariant under

Diff`pS1q and the flows of I and hgradΩMW

ℓ “ Dsc ˆ D2
sc, then hgradΩλ

c H is the
orthonormal projection of

XH
c “ ´

ℓ3

3C
Dsc ˆ gradG

id

H

to the Gid
c -orthogonal complement of the kernel of Ωλ, which is spanned by I and

hgradΩMW

ℓ, and ta.Dsc | a P C8pS1qu.

Proof. The stated formula follows from Proposition 6.3.6 with gradG
id

c Φpℓpcqq “ ´Φ1pℓpcqqD2
sc

and that hgradΩMW

Cℓp is a constant multiple of hgradΩMW

ℓ.

Remark 6.4.3. From the above Proposition it follows hgradΩΦpℓq

H agrees with hgradΩid

H

up to a constant scaling if Φ1pℓpcqq “ 0. If Φ1pℓpcqq ‰ 0 and xD2
sc, gradΩid

HyL2
ds

pS1q ‰ 0 then
it is, however, genuinely different, i.e., it does not seem realizable as a Hamiltonian vector field
for the Marsden-Weinstein form ΩMW. To formally prove that a given vector field XH is never
attained by the Marsden-Weinstein structure one needs to show that LXH

ΩMW ‰ 0. Using
the closeness of ΩMW and Cartan’s formula, this can be reduced to show that dιXH

ΩMW ‰ 0.
However the necessary computations for this turn out to become extremely cumbersome and
not very insightful. We refrain from providing them here.

Next we will consider several explicit examples, that will further highlight the statement of the
above remark. We acknowledge that many of the Hamiltonian functions we consider were
studied for the Marsden-Weinstein structure in [CKPP20].
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6.4. Symplectic structures induced by length weighted metrics

Example 6.4.4 (Length function). We start with the arguably simplest Hamiltonian, namely
we assume that H is a function of the total length ℓ, i.e., Hpcq “ f ˝ ℓpcq for some function
f . In this case we calculate:

dHcpkq “ drf ˝ ℓscpkq “ Dc,kfpℓpcqq “ f 1pℓpcqq

ż
xDsk,Dscyds “ ´f 1pℓpcqq

ż
xD2

sc, kyds,

hence

gradG
id

c H “ ´f 1pℓpcqqD2
sc.

Using Corollary 6.4.2, we thus have

hgradΩΦpℓq

c H “
f 1pℓpcqq

3Φpℓpcqq

ˆ
1 `

Φ1pℓpcqqℓpcq

3Φpℓpcqq ` Φ1pℓpcqqℓpcq

̇
Dsc ˆ D2

sc.

If f 1pℓpcqq “ 0 for the initial length of the curve ℓpcq, it is a zero vector field. If f 1pℓpcqq ‰ 0,
then the length ℓpcq is conserved along the flow as H “ f ˝ ℓ is conserved. Note that
hgradΩΦpℓq

H is a constant multiple of the binormal equation (also known as the vortex
filament equation),

hgradΩMW

c ℓ “ Dsc ˆ D2
sc (6.4.2)

using the Marsden-Weinstein symplectic structure.

Thus we have seen that the Hamiltonian vector field of the the symplectic structure ΩΦpℓq

is a constant multiple of the Hamiltonian vector field of the Marsden-Weinstein symplectic
structure. Note, that this constant factor, i.e., the relative speed with respect to the standard
binormal equation, depends on the initial length ℓpcq.

Example 6.4.5 (Flux of a divergence-free vector field on R
3 though a Seifert surface). Our next

examples of Hamiltonians are the fluxes of vector fields through Seifert surfaces. We consider
for any divergence-free vector field V P ΓpTR3q the closed 2-form ˆιV :“ ιV pdx ^ dy ^ dzq.
We can then define the corresponding flux by

EV :“

ż

D2

xV ˝ Σ, ny “

ż

ΣpD2q
ξV

where Σ: D2 Ñ R
3 is a smooth Seifert surface, i.e., an oriented and connected surface with

Σ |BD2“ c, and n is the unit surface normal.

We remark that EV is independent of the choice of Σ. To see this, first notice that there is a
unique 1-form αV (up to addition of an exact 1-form) such that dαV “ ξV as H1

dRpR3q “ 0

and H2
dRpR3q “ 0. By Stokes theorem we have,

ż

ΣpD2q
ξV “

ż

D2

Σ˚dαV “

ż

ΣpBD2q
αV “

ż

cpS1q
αV

where Σ˚ denotes the pullback by Σ. For EV , we have the following formulas from [CKPP20,
Theorem 4]:

gradG
id

EV “ Dsc ˆ pV ˝ cq,

hgradΩMW

EV “ V ˝ c.
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6. Symplectic structures on the space of space curves

We consider EV for two specific choices of V , where we use an analogous notation as
in [CKPP20]: the translation V´1 “ v by some v P R

3 and the rotation V´2pxq “ v ˆ x with
some unit v P R

3 and we denote the corresponding fluxes by H´1 “ EV´1
and H´2 “ EV´2

.
Next we compute the horizontal Hamiltonian vector fields. From the computation

xD2
sc,Dsc ˆ pDsc ˆ vqyL2pdsq “ 0,

xc,Dsc ˆ vyL2pdsq “

ż

S1

xDsc, v ˆ cyds “

ż

S1

xDsc, 2 curlpvq ˝ cyds “ 2H´1pcq,

and

xD2
sc,Dsc ˆ pDsc ˆ pv ˆ cqqyL2pdsq “ 0,

xc,Dsc ˆ pv ˆ cqyL2pdsq “

ż

S1

xDsc, pv ˆ cq ˆ cyds “

ż

S1

xDsc, 3 curlpv ˆ xq ˝ cyds “ 3H´2pcq,

we obtain for i P t´1,´2u,

hgradΩΦpℓq

Hi “
wi

3Φpℓpcqq
`

CiHipcqΦ
1pℓpcqq

3Φpℓpcqqp3Φpℓpcqq ` Φ1pℓpcqqℓpcqq
Dsc ˆ D2

sc (6.4.3)

“
1

3Φpℓpcqq
hgradΩMW

Hi `
CiHipcqΦ

1pℓpcqq

3Φpℓpcqqp3Φpℓpcqq ` Φ1pℓpcqqℓpcqq
hgradΩMW

ℓ

where w´1 “ v, w´2 “ v ˆ c and C´1 “ 2, C´2 “ 3 respectively.

Since all of the three quantities ℓ, H´1, and H´2 are constants in motion along the fields
hgradΩid

Hi and hgradΩid

ℓ [CKPP20, Corollary 1], the coefficients of both terms in (6.4.3)
do not change along hgradΩΦpℓq

Hi. Hence the Hamiltonian fields hgradΩΦpℓq

Hi are weighted
sums of the Marsden-Weinstein Hamiltonian fields of ℓ and H´1 (or H´2 respectively).

Example 6.4.6 (Squared curvature). We next compute the Hamiltonian vector field for the
squared curvature

Hpcq :“
1

2

ż
κ2ds.

We have according to [CKPP20],

gradG
id

H “ Ds

ˆ
D3
sc `

3

2
κ2Dsc

̇
, Dsc ˆ gradG

id

H “ Dsc ˆ D4
sc `

3

2
κ2Dsc ˆ D2

sc.

Then, from

xD2
sc,Dsc ˆ gradG

id

HyL2
ds

pS1q “ xD2
sc,Dsc ˆ D4

scyL2
ds

pS1q ` 0 “ 0,

xc, gradG
id

HyL2
ds

pS1q “

ż
κ2 ´

3

2
κ2ds “ ´Hpcq,

we have

hgradΩΦpℓq

H “
1

3Φpℓpcqq

"
´Dsc ˆ D4

sc ´
3

2
κ2Dsc ˆ D2

sc ´
HΦ1pℓpcqq

3Φpℓpcqq ` Φ1pℓpcqqℓpcq
Dsc ˆ D2

sc

*

“
1

3Φpℓpcqq

"
hgradΩMW

H ´
HΦ1pℓpcqq

3Φpℓpcqq ` Φ1pℓpcqqℓpcq
hgradΩMW

ℓ

*
.

Since both H and ℓ are again constants in motion along both hgradΩMW

ℓ and hgradΩMW

H

[CKPP20], hgradΩΦpℓq

H is also realized as a Hamiltonian vector field of Ωid.
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Example 6.4.7 (Total torsion). We next consider the total torsion

Hpcq :“

ż
τds.

Using the results [CKPP20, Theorem 2]

gradG
id

H “ ´Dsc ˆ D3
sc,

Dsc ˆ gradG
id

H “ ´Dsc ˆ pDsc ˆ D3
scq,

we compute

xD2
sc,Dsc ˆ gradG

id

HyL2
ds

pS1q “ ´
1

2

ż
Dsκ

2ds “ 0

xc, gradG
id

HyL2
ds

pS1q “ xDsc,Dsc ˆ D2
scyL2

ds
pS1q ` xc,D2

sc ˆ D2
scyL2

ds
pS1q “ 0 ` 0.

Then we get

hgradΩΦpℓq

H “
1

3Φpℓpcqq
Dsc ˆ pDsc ˆ D3

scq “
1

3Φpℓpcqq
hgradΩMW

H,

which is a scaled version of the Marsden-Weinstein gradient flow.

Example 6.4.8 (Squared scale). Next we consider the squared scale

Epcq :“
1

2

ż
|c|2ds,

as a Hamiltonian function. This is seen as the total kinetic energy of a moving particle in a
periodic orbit in R

3.

We first get by a direct computation that,

gradG
id

E “ c ´ xc,DscyDsc ´
1

2
|c|2D2

sc “ p1 ´ prcqc ´
1

2
|c|2D2

sc,

Dsc ˆ gradG
id

E “ Dsc ˆ c ´
1

2
|c|2Dsc ˆ D2

sc,

and

xD2
sc,Dsc ˆ gradG

id

EyL2
ds

pS1q “ ´Θid
c pD2

scq,

xc, gradG
id

EyL2
ds

pS1q “ }Dsc ˆ c}2
L2

ds
pS1q ´

1

2
xc, |c|2D2

scyL2
ds

pS1q

“ }Dsc ˆ c}2
L2

ds
pS1q ` Epcq.
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Using them with Corollary 6.4.2 gives us;

hgradΩΦpℓq

E “
1

3Φpℓpcqq

!
´ Dsc ˆ c `

1

2
|c|2Dsc ˆ D2

sc (6.4.4)

`
Φ1pℓpcqq

3Φpℓpcqq ` Φ1pℓpcqqℓpcq

”
´ Θid

c pD2
scqDsc ˆ pDsc ˆ cq

´

ˆ
}Dsc ˆ c}2

L2
ds

pS1q ´
1

2
xc, |c|2D2

scyL2
ds

pS1q

̇
Dsc ˆ D2

sc
ı)

“
1

3Φpℓpcqq

!
´ Dsc ˆ c `

1

2
|c|2Dsc ˆ D2

sc

`
Φ1pℓpcqq

3Φpℓpcqq ` Φ1pℓpcqqℓpcq

”
Θid
c pD2

scqp1 ´ prcqc

´
´

}Dsc ˆ c}2
L2

ds
pS1q ` Epcq

¯
Dsc ˆ D2

sc
ı)
.

Example 6.4.9 (Product of length and total squared curvature). Our last example is the
Hamiltonian given by

Hpcq “ ℓpcqKpcq

where Kpcq “
ş
S1 κ

2ds is the total squared curvature. This somewhat unusual Hamiltonian
is the only one among our examples that satisfies the condition required in Corollary 6.4.2
(b) the scale-invariant case. That is, H is invariant under the both flows of I “ c and
Y :“ hgradΩMW

ℓ “ Dsc ˆ D2
sc. To see this, let us compute

LYH “ KLY ℓ ` ℓLYK “ K ¨ 0 ` ℓ ¨ 0 “ 0

as ℓ is the Hamiltonian of Y and the last equality follows from a direct computation using
(6.5.2). This shows the existence of a Hamiltonian vector field horizontal in the sense of
Corollary 6.4.2 (b).

Question 6.4.10. We know from the above examples that some vector fields are realized as
Hamiltonian vector fields of both Ω̄MW and Ω̄Φpℓq. We still do not know whether the spaces of
all Hamiltonian vector fields generated by these two symplectic structures coincide, or if one is
contained in the other. More generally, the coverage of Hamiltonian vector fields of Ω̄L for a
given operator L is an independent question, which we have not investigated in this chapter.

6.5 Presymplectic structures induced by curvature

weighted Riemannian metrics

In this section we will consider the special case of symplectic structures, that are induced by
curvature weighted metrics, i.e., we consider the Riemannian metric

G1`κ2

c ph, kq “

ż

S1

p1 ` κ2qxh, kyds,

where κ “ κc denotes the curvature of the curve c. Note, that in the notation of the previous
sections, this metric corresponds to the GL metric with L “ 1 ` κ2. This metric, which is
sometimes also called the Michor-Mumford metric, has been originally introduced in [MM06]
to overcome the vanishing distance phenomenon of L2-metric, see also [MM05].
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Remark 6.5.1 (Relations to the Frenet-Serret formulas). Given c P ImmpS1,R3q we consider
the open subset U “ tκ ą 0u “ tD2

sc ‰ 0u Ă S
1. Note that κ “ 0 on the boundary UzU ,

and is also 0 on the open complement S1zU which is a union of at most countably many open
intervals in S

1; on each of these intervals c is straight line segment since Dsc is constant there.
So we may assume that the torsion τ is defined and 0 on S

1zU . On U the moving frame and
the Frenet-Serret fomulas are given by

T “ Dsc, N “ κ´1D2
sc, B “ T ˆ N “ κ´1Dsc ˆ D2

sc

DsT “ κ.N “ D2
sc,

DsN “ ´Dsκ.κ
´2.D2

sc ` κ´1D3
sc “ ´κ.T ` τ.B “ ´κ.Dsc ` τ.κ´1Dsc ˆ D2

sc

DsB “ ´Dsκ.κ
´2.Dsc ˆ D2

sc “ ´τ.N “ ´τ.κ´1D2
sc

This implies the following which are valid on the whole of S1 since both sides vanish on S
1zU :

D3
sc “ xD3

sc, T yT ` xD3
sc,NyN ` xD3

sc, ByB valid on U

“ xD3
sc,DscyDsc ` κ´2xD3

sc,D
2
scyD

2
sc ` κ´2xD3

sc,Dsc ˆ D2
scyDsc ˆ D2

sc on S
1

“ ´κ2Dsc ` Dsκ.κ
´1.D2

sc ` τ.Dsc ˆ D2
sc valid on U but extends smoothly to S

1

ùñ xD3
sc,Dscy “ ´κ2, xD3

sc,D
2
scy “ Dsκ.κ, xD3

sc,Dsc ˆ D2
scy “ τ.κ2 valid on S

1

τ “ κ´2xD3
sc,Dsc ˆ D2

scy valid on S
1 .

Remark 6.5.2. Similarly to Remark 6.2.10 we obtain again conserved quantities and corre-
sponding momentum mappings. Here we want to specifically highlight the momentum map
JSOp3q: as an element of R3 « so˚p3q, the angular momentum JSOp3q is given by

xJSOp3qpcq, Y y “

ż
p1 ` κ2qxc ˆ Dsc, Y ˝ cyds,

which can be understood as the angular momentum of a thickened curve where the thickness
(or mass) at each point is a function of 1 ` κ2. Note, that this is in stark contrast to the
previous section, i.e., the length weighted case, where the angular momentum for ΩΦpℓq is just
the Φpℓq-scaled version of the angular momentum for Ωid “ 3ΩMW.

We have the following result concerning the induced presymplectic structure:

Theorem 6.5.3 (The presymplectic structure Ω1`κ2

). The induced (pre)symplectic structure
of the G1`κ2

-metric is given by:

Ω1`κ2

c ph, kq “

ż
3p1 ` κ2qxDsc, h ˆ ky ` pDsκ

2qxc, h ˆ ky ` 4κ2xDsh,Dscyxc ˆ Dsc, ky

´ 2xD2
sh,D

2
scyxc ˆ Dsc, ky ´ 4κ2xDsk,Dscyxc ˆ Dsc, hy ` 2xD2

sk,D
2
scyxc ˆ Dsc, hyds,

(6.5.1)
and the vertical vectors ta.Dsc | a P C8pS1qu Ă TcImmpS1,R3q is in the kernel.

Proof of Theorem 6.5.3. To calculate the formula for Ω1`κ2

we first need the variation of
κ2 “ xD2

sc,D
2
scy. Using, that Dc,hDs “ ´xDsh,DscyDs, cf. the proof of Theorem 6.2.4, we
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calculate:

Dc,hpD2
scq “ pDc,hDsq.Dsc ` Ds ppDc,hDsqcq ` D2

sh

“ ´xDsh,Dscy.D
2
sc ´ Ds pxDsh,DscyDscq ` D2

sh

“ ´xDsh,Dscy.D
2
sc ´ pDsxDsh,DscyqDsc ´ xDsh,DscyD

2
sc ` D2

sh

“ ´2xDsh,Dscy.D
2
sc ´ pDsxDsh,DscyqDsc ` D2

sh

Thus we obtain
Dc,hκ

2 “ ´4xDsh,Dscyκ
2 ´ 0 ` 2xD2

sh,D
2
scy . (6.5.2)

Next we note that

Ω1`κ2

c ph, kq “ Ωid
c ph, kq ` Ωκ2

c ph, kq

as the operation Lc ÞÑ ΘL
c is linear in Lc. Using (6.2.1), we then calculate

Ωκ2

c ph, kq “

ż
xDsc, κ

2h ˆ k ` h ˆ κ2ky ´ xc,Dsh ˆ κ2k ´ Dsk ˆ κ2hy

´ xc ˆ Dsc, pDc,hκ
2qk ´ pDc,kκ

2qhyds,

“

ż
2κ2xDsc, h ˆ ky ´ κ2xc,Dsh ˆ ky ´ xκ2c, h ˆ Dsky

´ Dc,hκ
2xc ˆ Dsc, ky ` Dc,kκ

2xc ˆ Dsc, hyds

“

ż
2κ2xDsc, h ˆ ky ´ κ2xc,Dsh ˆ ky

` xDspκ
2cq, hˆ ky ` κ2xc,Dsh ˆ ky

´ Dc,hκ
2xc ˆ Dsc, ky ` Dc,kκ

2xc ˆ Dsc, hyds

“

ż
3κ2xDsc, h ˆ ky ` pDsκ

2qxc, h ˆ ky

´ Dc,hκ
2xc ˆ Dsc, ky ` Dc,kκ

2xc ˆ Dsc, hyds.

Hence

Ω1`κ2

ph, kq “

ż
3p1 ` κ2qxDsc, h ˆ ky ` pDsκ

2qxc, h ˆ ky

´ Dc,hκ
2xc ˆ Dsc, ky ` Dc,kκ

2xc ˆ Dsc, hyds.

and (6.5.1) follows by using the variation formula (6.5.2) for κ2.

That Ω decends to a form on UImmpS1,R3q follows again from Theorem 6.2.6; alternatively
we can also see this directly from the above formula: a straightforward calculation shows that
h “ a.Dsc is indeed in the kernel of Ω1`κ2

c .

Question 6.5.4. It remains open if the presymplectic structure Ω̄1`κ2

on UImmpS1,R3q is
non-degenerate and thus symplectic. Therefore it remains to show that tangent vectors of the
form aDsc are the whole kernel of Ω1`κ2

c . It seems natural to employ a similar strategy as
in the previous section for length weighted metrics, i.e., for given h we test with all k of the
form k “ ac for a P C8pS1q. This leads to reducing the degeneracy of Ω1`κ2

to solving the
equation Pcpaq “ f for any given f P C8pS1q, where

Pcpaq :“ 2xD2
sc, cyD

2
sa ´ 4xDsc, cyκ

2.Dsa ` p3 ` κ2qa; .

The existence of periodic solutions for the above equation is, however, non-trivial. Note, that
the coefficient functions are in general degenerate, e.g., xD2

sc, cy can vanish somewhere.
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Question 6.5.5. We may consider a more general version. Suppose Lc : h ÞÑ fc.h where fc
is a positive function for any c and is of form fcpθq “ ρpcpθq, Dscpθq, D2

scpθq, . . . , DN
s cpθqq

with some finite N and a function ρ : R3N Ñ Rě0. We expect that Ω̄L is symplectic on
UImmpS1,R3q if ΘL is not scale-invariant, or on UImmpS1,R3q{F with a 2-dimensional
distribution F if ΘL is scale-invariant (Theorem 6.3.2).

6.6 Numerical illustrations

In this section we numerically illustrate two Hamiltonian flows with respect to the new
symplectic structures introduced in this chapter. For interested readers, we share video footage
of the simulations shown in Figure 6.1 and Figure 6.2; see https://youtu.be/nu09IwRK-tY.

Flow of hgradΩ10ℓ´2

H´2

Only the binormal part of hgradΩ10ℓ´2

H´2

t “ 0 t “ 15 t “ 30 t “ 45

Figure 6.1: Hamiltonian flow of H´2, the flux of a rotational vector field from Example 6.4.5
using Φpℓpcqq “ 10ℓpcq´2 (top), and the flow only with its binormal component (bottom).
The red, green, and blue axes are the x, y, z axes respectively.

For the numerical simulations, we discretized each curve as an ordered sequence of points
in R

3. To approximate terms involving spatial derivatives, such as the binormal vector and
the curvature, we follow the methods of discrete differential geometry, see [Bob15]. We then
compute the time integration of each Hamiltonian vector field using the explicit Runge-Kutta
method of fourth-order in time. We want to emphasize that our numerical examples are
only for illustrative purposes and we do not guarantee any correctness of (even short-time)
behaviors of the curve dynamics.

In our experiments, we use length-weighted presymplectic structures ΩΦpℓq (and symplectic
structures Ω̄Φpℓq for unparametrized curves) as derived in Section 6.4. That is, we use functions
of the form Φpℓq “ Cℓp with some C ą 0 and p P R. Note that C only works as time-scaling
and does not change the orbit under the Hamiltonian flow. This is because in the expression
of the field hgradΩΦpℓq

H, cf. equation (6.4.1), the coefficient C appears only in the factor
1

3Φpℓq “ 1
Cℓp

shared by all the terms and the factor Φ1pℓq
3Φpℓq`Φ1pℓqℓ “ p

p3`pqℓ does not depend on C.
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6. Symplectic structures on the space of space curves

We choose C to run each simulation with a reasonable discrete timestep, but it essentially
does not affect the dynamics.

We simulate two Hamiltonian flows (Example 6.4.5 and Example 6.4.8) from Section 6.4.
These two examples involve only up to second-order spatial derivatives. Simulating other
Hamiltonian flows, such as those discussed in Example 6.4.6 and Example 6.4.7 having third or
higher-order derivatives is more challenging as one would have to discretize these higher-order
derivatives more carefully.

As for the initial curve, we consider the trefoil

cpθq “ pp2 ` cosp2θqq cosp3θq, p2 ` cosp2θqq sinp3θq, sinp4θqq , θ P S
1 “ R{2πZ.(6.6.1)

in both of our examples.

Example 6.6.1 (Flux of a vector field). We first simulate the Hamiltonian flow for the
Hamiltonian that is defined as the flux of a vector field through a Seifert surface whose
boundary is the curve c, cf. Example 6.4.5. We chose the vector field of a rigid body rotation
V pxq “ v ˆ x with the rotation axis v “ 1?

3
p1, 1, 1q P R

3. This amounts to the Hamiltonian
H´2 in Example 6.4.5.

The horizontal Hamiltonian field (6.4.3) is a weighted sum of the rotation hgradΩMW

H´2 “

v ˆ c and the binormal field hgradΩMW

ℓ “ D2
sc ˆDsc with time-constant coefficients. Since

these two flows are Poisson commutative, we can simulate the flow by evolving the curves
under the binormal equation and rotating it at each time, i.e., ct “ exppt1v̂qcBinormal

t2
where

v̂ P sop3q corresponds v and t1, t2 are time t weighted by the coefficients in (6.4.3). Figure 6.1
illustrates our simulation using Φpℓpcqq “ 10ℓpcq´2. The top row is the flow of hgradΩΦpℓq

H´2

and the bottom row is the flow by only the binormal equation part where the curve moves
toward the z-direction while showing a rotational motion around the z-axis.

Example 6.6.2 (Total squared scale). Our next example is the squared scale functional E
(Example 6.4.8). Here we test three different choices of Φpℓq “ Cℓp. Note again that we vary
C only for computational purposes and this does not change the trajectory. The simulation
results are shown in Figure 6.2.

We first compute for Φpℓq “ 1
20

, which corresponds to (a constant multiple of) the Marsden-

Weinstein flow hgradΩMW

E. The curve moves back and forth in the z-direction, but curve
points tend to get stuck once they come closer to the origin as both the term ´Dsc ˆ c and
the term 1

2
|c|2Dsc ˆ Dsc decrease as c goes to zero. As a result these parts form a complex

shape around the origin. The next case is Φpℓq “ 1
20
ℓ´1{10. This shows a behavior similar to

the first case, but points do not get stuck near the origin due to the additional term in (6.4.4).
While moving back and forth, the curve does not become as entangled as in the previous
case and seems to alternately transform between a trefoil and a trivial knot. The last case is
Φpℓq “ 10´5ℓ2. This shows a very different evolution. Unlike the other test cases, the curve
does not globally translate in the z-direction but forms a complex spiral shape while shrinking
slowly. In all three cases, the symmetry of the trefoil, i.e., that rotation of 120 degrees around
the z-axis does not change the shape, seems to be preserved in time.
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Flow of hgradΦpℓq E with Φpℓq “ 1
20

t “ 6 t “ 10 t “ 14 t “ 19

Flow of hgradΦpℓq E with Φpℓq “ 1
20
ℓ´ 1

10

t “ 6 t “ 10 t “ 14 t “ 19

Flow of hgradΦpℓq E with Φpℓq “ 10´5ℓ2

t “ 3 t “ 6 t “ 10 t “ 19

Figure 6.2: Hamiltonian flow of hgradΩΦpℓq

E with different choices of Φpℓq. In each row the
initial curve, which is not shown, corresponds to the trefoil (6.6.1). The right-most images are
the front-view of the last configurations of curves showing high symmetry for the 120-degree
rotation around the z-axis.

6.7 Appendix: Approach via an almost complex

structure

In the main part of this chapter we constructed new symplectic structures on UImmpS1,R3q,
by alternating the Liouville 1-form of the MW symplectic form. Doing so one obtained a skew
symmetric 2-form on ImmpS1,R3q, which is automatically closed. Consequently to obtain a
new symplectic structure it only remained to verify the non-degeneracy of this 2-form.

One may find this approach somewhat artificial or ad-hoc and could imagine, that it would
be easier to construct new symplectic structures via directly alternating the MW symplectic
structure instead of its Liouville 1-form. Following this alternate strategy one would arrive
directly at a non-degenerate 2-form, but would instead need to prove its closedness. In this
appendix we will discuss that this approach fails in the sense that we were not able to construct
any closed forms following this procedure; nevertheless it results in an interesting class of
2-forms and will discuss some of their properties in more details.
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On the shape space UImmpS1,R3q, the mapping of 90 degrees rotation given by

J : TUImmpS1,R3q Ñ TUImmpS1,R3q

h̄ ÞÑ Dsc ˆ h

is an almost complex structure, i.e., an isomorphism with J 2 “ ´1. The L2-Riemannian metric
Ḡid, the Marsden-Weinstein symplectic structure Ω̄MW, and the almost complex structure J
formally define an almost Kähler structure (also called a compatible triple),

Ω̄MWph̄, k̄q “ ḠidpJ ph̄q, k̄q

on UImmpS1,R3q 2.

This observation suggests to define a family of almost symplectic structures Z̄L via

Z̄Lph̄, k̄q “ ḠLpJ ph̄q, k̄q. (6.7.1)

If L is non-degenerate, self-adjoint with respect to Ḡid and commutes with J , then Z̄L is by
construction an almost symplectic structure, i.e., Z̄L is skew-symmetric and non-degenerate.
To show that the induced forms are indeed symplectic it suffices thus to check the closedness
of Z̄L.

At a first glance this approach seems promising and simpler than the approach presented in
the main part of the chapter. However, as we will see in the following proposition, the 2-form
Z̄L fails to be closed at least for all Riemannian metrics that are conformally equivalent (but
not equal) to the L2-metric: The non-closeness of Z̄λ is due to the following proposition.

Proposition 6.7.1. Let pM,ωq be a symplectic manifold (possibly orbifold) whose dimension
is greater than 2 (possibly infinite-dimensional). Then the only symplectic structures in the
conformal class of ω are the connected component-wise constant multiples of ω.

Proof. Let ωλ :“ λω be a 2-form with conformal factor λ : M Ñ Rą0. Then we have

dωλ “ λdω ` dλ ^ ω “ dλ ^ ω.

The 3-form dλ ^ ω is not identically zero unless λ is constant on each connected component.
To see this let us denote XH “ gradωH for a given function H : M Ñ R. Then we have,

dλ^ω “ 0 ðñ 0 “ ιXH
pdλ^ωq “ ιXH

dλ^ω´dλ^ ιXH
ω “ pLXH

λq.ω´dλ^dH @H.

Since the two terms pLXH
λq.ωid and dλ^dh have different ranks, they are both zero. Namely,

LXH
λ must be zero. Since at each point x any tangent vector h P TxM is locally realized as

XHpxq by choosing a suitable Hamiltonian H, λ must be constant.

While the above discussion is limited to Riemannian metrics that are conformally equivalent to
the L2-metric, it seems that a similar phenomenon is also true for more complicated (higher

2This is not a Kähler structure in the classical sense, which additionally requires a complex structure i.e.,
the existence of holomorphic coordinates. Indeed the Marsden-Weinstein symplectic structure does not admit
a complex structure [Lem93]; it has been shown that on the space of isometric mappings of a circle into R

3

modulo Euclidean transformations there is indeed a Kähler structure closely related to the Marsden-Weinstein
structure, but with a more complicated almost complex structure than J [MZ96], see also the comments
in [Nee18].
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order) metrics. In particular, we were not able to construct any pair of an almost complex
structure J and a non-conformal operator L which satisfy the required invariance conditions
and leads to a closed form Z̄L on UImmpS1,R3q.

This observation is the main reason why we proceeded to define our symplectic structures by
altering the Liouville form, thereby ensuring closeness of the corresponding 2-form. We may
also reach types of symplectic forms by solving the non-closeness issue of the approach in
this section via correcting the obtained 2-form, e.g. in the conformal case when λ is not a
constant and thus Zλ is not closed, we could add some W P d´1pdλ ^ Ωidq so that Zλ ` W

is closed. By doing this, the non-degeneracy property may be lost and thus one needs to
check this again. Our approach for constructing a symplectic form from the Liouville form
Θλ amounts to choosing W “ ´dλ ^ Θid. We emphasize that there is a large degree of
freedom in d´1pdλ ^ Ωidq and our choice is not the unique one that makes the resulting form
symplectic.

(Locally) conformal symplectic structure

Conformal symplectic geometry is a subbranch of symplectic geometry, which arose around
70’s and has been studied mostly in finite-dimensional settings. For references on the general
theory of (locally) conformal symplectic geometries and their induced dynamics we refer the
interested reader to [Vai85, YM05, AA24].

Following these references an almost symplectic structure ω̃ is said to be locally conformal
symplectic if any point has an open neighborhood U such that there is a function fU with
fU ω̃ being symplectic in U . This condition is equivalent to dω̃ “ α ^ ω for some closed
1-form α, called the Lee 1-form. If α satisfies the additional condition that α “ df for some
globally defined function f then fω̃ is symplectic. In this case ω̃ is simply called conformally
symplectic.

While the approach using (6.7.1) with a Riemannian metric that is conformally equivalent
to the L2-metric is unsuccessful for constructing new symplectic structures, this procedure
exactly leads to conformal symplectic structures. This raises the following open question:

Question 6.7.2 (Locally but not globally conformal symplectic structures on UImmpS1,R3q).
A natural question one may ask in this context concerns the existence of a locally but not
globally conformal symplectic structure. We note that H1pUImmpS1,R3qq – R since for the
fundamental group we have π1pUImmpS1,R3qq “ Z; this follows from [Sma59] and some
standard arguments on fibrations and loop spaces; see [Ada93] for details. This observation
suggests the existence of a non-degenerate ω s.t. dω “ α ^ ω for a closed but non-exact
Lie form α. We are, however, unaware of the existence/non-existence of such an only locally
conformal structure on UImmpS1,R3q.

6.7.1 Hamiltonian vector fields of conformally symplectic structures

Here we consider the analogue of Hamiltonian systems for conformally symplectic structures.
We begin by recalling the definitions and basic properties of Hamiltonian systems induced by a
locally conformally symplectic structure. In this setting two types of Hamiltonian vector fields
have been introduced: the first only preserves the Hamiltonian function but not the conformal
symplectic structure, whereas the second one only preserves the conformal symplectic structure
(up to conformal changes), but not the Hamiltonian function. Note, that this in contrast to
Hamiltonian systems induced by a genuine symplectic structure, which preserve both of them.
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To define these two types of Hamiltonian vector fields let ω be a locally conformal symplectic
structure on a manifold M with a Lee form α, i.e., α is a closed 1-form such that dω “ α^ω.
Similar as for a classical Hamiltonian system we can defined the field

ιXH
ω “ dH

Indeed, the flow along XH preserves the Hamiltonian H but does not preserve ω, see
e.g. [WL98]. The second type of Hamiltonian vector fields can be defined via

ιYH
ω “ dαH

where dα is the so-called twisted de Rham differential given by dα “ d ´ α ^ ¨. The vector
field YH preserves the locally conformal symplectic structure up to conformal change given by
LYH

ω “ αpYHqω. In general, it does not preserve the Hamiltonian except under restrictive
circumstances such as H being constant, see [Vai85, MS17]. This type of Hamiltonian system
can be used to model energy dissipating systems as studied in [AA24, BFM16].

Next we will derive these two types of Hamiltonian systems in our case, i.e., for symplectic
structures conformal to the MW structure on the space of space curves.

Horizontal Hamiltonian vector field via the standard differential

We first compute the first type of Hamiltonian vector field XH via ιXH
Zλ “ dH. Using the

same computational routine as in Section 6.3.1, we obtain the horizontal Hamiltonian vector
field with respect to the standard L2 metric Gid,

XH “ ´
1

λ
Dsc ˆ gradG

id

H “
1

λ
hgradΩMW

H,

which is a multiple of the Marsden–Weinstein flow with scaling factor λ. Note that H is
preserved in time by design and that

LXH
Zλ “ ιXH

dpλΩMWq ` dpιXH
pλΩMWqq

“ ιXH
pdλ ^ ΩMWq ` ddH “ LXH

λ.ΩMW ´
dλ

λ
^ dH,

which is not preserved (even conformally) unless dλ and dH are linearly dependent at each c.

Horizontal Hamiltonian vector field via the twisted differential

Next we discuss horizontal Hamiltonian dynamics of the second type, i.e., we calculate the
vector field YH via the relation ιYH

Zλ “ ddλH with the twisted differential ddλ “ d ´ dλ ^ ¨
mentioned above. Using the relation

dH ´ Hdλ “ ddλH “ ιYH
Zλ “ λιYH

ΩMW

and the computational routine in Section 6.3.1, we get

gradG
id

H ´ H gradG
id

λ “ λDsc ˆ YH ,

and hence

YH “
1

λ

´
´Dsc ˆ gradG

id

H ` H.Dsc ˆ gradG
id

λ
¯

“
1

λ

´
hgradΩMW

H ´ H hgradΩMW

λ
¯
.
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By direct computation, we see that

LYH
H “ HLYH

λ, LYH
Zλ “ LYH

λ.Zλ

and

LYH
λ “

1

λ
pL

hgradΩMW
H
λ ´ HL

hgradΩMW
λ
λq “

1

λ
L

hgradΩMW
H
λ.

Hence, if λ is a conserved quantity under hgradΩMW

H (equivalently H is conserved along
hgradΩMW

λ), then H, λ and Zλ are exactly preserved and the flow of YH behave like the
Marsden–Weinstein Hamiltonian flow. Note, that there are infinitely many commutative Hamil-
tonian systems with respect to the MW structure forming a KdV-type hierarchy, cf. [CKPP20].
Therefore if we pick up any combination of the quantities within this hierarchy, we can find
Hamiltonian systems induced by a conformal symplectic structure that resemble Hamiltonian
systems induced by the MW structure.
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CHAPTER 7
Area formula for spherical polygons via

prequantization

This chapter is largely a reprint of the article:

Albert Chern and Sadashige Ishida. Area formula for spherical polygons via prequantization.
SIAM Journal on Applied Algebra and Geometry, 8(3), 2024

In the previous chapters, we studied symplectic geometry of codimension-2 shape space related
to dynamics on that space. This chapter, on the other hand, applies a symplectic viewpoint
to a purely geometric problem with practical applications.

We present a formula for the signed area of a spherical polygon via prequantization. In contrast
to the traditional formula based on the Gauss–Bonnet theorem that requires measuring angles,
the new formula mimics Green’s theorem and is applicable to a wider range of degenerate
spherical curves and polygons.

Dependency of the chapter This chapter is self-contained, so readers can read it on its
own.

7.1 Introduction

A spherical polygon is a finite number of ordered points on S
2 connected by geodesics.

Computing the solid angle of the region enclosed by a spherical polygon is important in many
subjects, which we briefly summarize at the end of this section.

For a given polygon Γ “ pp0, . . . , pn´1q, its surface area is often computed using the formula

AreapΓq “ 2π ´
ÿ

i

ϑi, (7.1.1)

derived from the Gauss–Bonnet theorem. This area formula involves the evaluation of the
exterior angle ϑi at each vertex

ϑi “ sign pdetppi´1, pi, pi`1qq arccos

ˆ
pi´1 ˆ pi

|pi´1 ˆ pi|
¨
pi ˆ pi`1

|pi ˆ pi`1|

̇
, (7.1.2)
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which is a function of three points. However, this formula requires non-degeneracy assumptions
about these points that render it unavailable or numerically unstable in certain situations.
For example, two consecutive points of the polygon cannot lie on the same location as the
exterior angle is undefined. We may consider removing such points from the polygon, but
judging precisely whether two points are at the same location or just nearby locations is not
always possible in numerical computation, especially when the points are obtained after some
computational operations.

On the other hand, an area formula for polygons in R
2 does not have such limitations. For a

polygon ΓR2 “ ppx0, y0q. . . . , pxn´1, yn´1qq, the area is

AreapΓR2q “
ÿ

i

1

2
pxi`1yi ´ xiyi`1q. (7.1.3)

Figure 7.1: A planimeter
measures the area of a
planar region by tracing
and accumulating quanti-
ties along its perimeter.

Unlike the classical formula for spherical polygons (7.1.1, 7.1.2),
this planar area formula involves adding numerically stable edge
quantities. This formula can be derived by converting the area
integral over the region into a line integral along the polygon curve
using Green’s formula. This is the same technique that enables
planimeters (Figure 7.1). The key that allows Green’s formula is
that the area form of R2 is an exact differential form. Unfortunately,
this strategy does not work directly for spherical polygons as the
area form of S2 is not exact.

We circumvent this issue in this work via so-called prequantization,
which is a preliminary setup to transform a classical mechanical
system into a quantum mechanical system [BW97]. We lift the
area form of the sphere onto a space where the resulting 2-form is exact. More precisely, we
utilize a prequantum bundle, which is a principal circle bundle where the lifted 2-form is exact.
This gives rise to a version of Green’s theorem that translates the area integral on the base
manifold into a line integral along a lifted perimeter in the bundle.

By choosing a specific prequantum bundle over S2, we can obtain an explicit expression of the
line integral. We use the Hopf fibration π : S3 Ñ S

2 with a specific connection 1-form and
derive a formula for the area of a spherical polygon. Unlike the classical formula (7.1.1), the
new formula does not involve numerically unstable evaluation of angles of three consecutive
vertices. Instead, it only involves a sum of edge-wise measurement resembling (7.1.3). We
also recover the classical formula (7.1.1) by choosing SOp3q as the prequantum bundle with a
specific lift of the polygon. Finally, we present numerical examples comparing our formula and
the classical formula.

Relation to quantum mechanics Our formula for the spherical area via prequantization is
similar to evaluating the Berry phase for a quantum mechanical system. In this analogy, the
points on S

3 (or any prequantum circle bundle) represent the possible quantum states of a
spinor (or 2 qubits), while their projections on S

2 are their classical representations on the
Bloch sphere [BZ06].

Applications and computations of solid angles Computing the area, or solid angle, of a
spherical region occurs in multiple disciplines. They are either analytically computed by the
angle-based formula (7.1.1, 7.1.2) [BC87], or approximated by point counting [FOM06, Gon10]
and Monte-Carlo methods [Arv95b]. A standard routine in geological survey is to find the
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7.2. Area of a spherical polygon

area of an irregularly shaped region on the nearly-spherical earth [BC87, Gon10]. In quantum
mechanics, the solid angle of a spherical curve generated by a Brownian motion of a particle
describes the phase of two-state quantum systems undergoing random evolution [SW89, KSS00].
The so-called Majorana representation of polarized light also involves the solid angle of certain
spherical quadrilaterals [Han98].

Solid angles give rise to another geometric concept, the solid angle field of a space curve.
Given a space curve in R

3, the solid angle field is an S
1-valued function over R3 whose value

at each point x P R
3 is half of the solid angle subtended by the closed curve at x. In contact

geometry, a so-called open-book decomposition can be constructed by the solid angle field,
with the level sets of the S

1-valued solid angle field being the pages and the space curve
being the binder [Gei08]. Each page can also serve as a Seifert surface, an oriented surface
bordered by a given knot [Dan16, BA18]. Solid angle fields also play important roles in fluid
dynamics and electrodynamics, as the gradients of the solid angle fields are the Biot-Savart
fields of space curves [Som52, pp.118], which represent the magnetic fields induced by electric
currents, and the velocity fields corresponding to given vortex filaments. In addition, solid
angle fields are applied to constructing implicit representations for space curves for simulating
vortex dynamics [IWC22], visualization of nematic dislinations in electromagnetism [BA18],
and radiosity illumination in rendering [WCZR20].

7.2 Area of a spherical polygon

We begin with the problem of seeking a line integral formula for the areas of spherical polygons.
Next, we introduce the notion of prequantum bundles. While we only use the essential
properties of this notion in a self-contained manner, the readers may find backgrounds in
principal bundles [Nak03, KN63] and geometric quantization [BW97, Kos70]useful. Finally, we
derive a line integral formula for spherical areas via prequantization and apply it to spherical
polygons.

An oriented spherical polygon Γ is a finite cyclic ordered list of spherical points Γ “
pp0, . . . , pn´1q, pi P S

2, i P Zn “ Z{pnZq. Each edge, i.e. each pair of adjacent points
ppi, pi`1q, i P Zn (including ppn´1, p0q using the modulo arithmetic of i P Zn), is joined by
the shortest connecting path on S

2. This edge path is a constant point when pi “ pi`1, and
is otherwise a part of the great circle containing pi, pi`1. To ensure uniqueness of the shortest
edge path, we assume that pi`1 ‰ ´pi for each i P Zn, which does not take away generality
as one may add intermediate points if the polygon contains any antipodal edge.

By concatenating all the edge paths, the spherical polygon Γ is naturally associated with
a continuous closed path CΓ : S1 Ñ S

2. Let SΓ : D2 Ñ S
2 be any smooth extension1 of

CΓ : S1 “ BD2 Ñ S
2 to the unit disk D

2. We call SΓ the enclosed region of the spherical
polygon Γ, which is unique up to an integer number of full wrappings around the entire sphere.
Define the signed area of Γ as the total signed area of SΓ, which is well-defined modulo 4π:

AreapΓq :“

ĳ

SΓ

σ “

ĳ

D2

S˚
Γσ P R{p4πZq. (7.2.1)

1A smooth extension SΓ : D2 Ñ S
2 exists for any smoothly parameterized path CΓ : S1 Ñ S

2. A smooth
path CΓ can be constructed by concatenating smooth parameterizations of the great circular edges with
vanishing derivatives 0 “ BtCΓ “ B2

tCΓ “ ¨ ¨ ¨ at the vertices.
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7. Area formula for spherical polygons via prequantization

Here S˚
Γ denotes the pullback via SΓ, and σ P Ω2pS2q is the standard area form of the unit

sphere S
2 Ă R

3 induced by the Euclidean metric. The area form σ can be explicitly written
as σ “ sin θdθ ^ dϕ using a spherical coordinate chart, or as σ “ pxdy ^ dz ` ydz ^ dx `
zdx^ dyq{px2 ` y2 ` z2q3{2 |S2 using the Cartesian coordinates in R

3. This definition is valid
for self-intersecting polygons (See Figure 7.2) and degenerate polygons which may contain
edges of zero lengths or consecutive edges that fold back onto each other.

Figure 7.2: Examples of spherical polygons. Left: the two regions with different colors
contribute positively or negatively to the signed area. Right: the darker region contributes to
the signed area twice.

7.2.1 Areas as line integrals

Our goal is to find a numerically robust formula for (7.2.1) in terms of the vertex positions
Γ “ pp0, . . . , pn´1q. More precisely, an ideal area formula we look for is a line integral
“AreapΓq “

ű
CΓ
α” for some smooth differential 1-form α, analogous to Green’s Theorem in

the plane. The reason for this desire goes as follows. Once (7.2.1) becomes a line integral
along the polygonal curve, we can derive the formula for AreapΓq by summing the explicit
integrals of α along the great circular arc of each edge. Such a line-integral-based formula
would be applicable to degenerate cases: The angles between consecutive edges would never
appear in the formula; the line integral of a smooth 1-form along an edge shrinks to zero
gracefully if the edge length shrinks to zero.

Such a line integral formula “AreapΓq “
ű
CΓ
α” appears to rely on the exactness of σ, which

is the existence of a smooth 1-form α so that dα “ σ. If α exists, then by Stokes’ Theorem
AreapΓq “

ť
SΓ
σ “

ť
SΓ
dα “

ű
CΓ
α. However, the spherical area form σ is not exact.

Fortunately, and perhaps surprisingly, a line integral formula does not require the exactness of
σ as described below.

Definition 7.2.1 (Prequantum bundle). Let β P Ω2pΣq be a closed 2-form on a manifold
Σ. A prequantum bundle over pΣ, βq is a principal circle bundle π : Q Ñ Σ equipped with an
equivariant 1-form α P Ω1pQq with dα “ π˚β.

Intuitively, a principal circle bundle Q over the base manifold Σ is a pdimpΣq ` 1q-dimensional
space where a circle is attached to each point of Σ. The equivariance of α P Ω1pQq means
that α is invariant under a uniform rotation in the circle dimension.

Remark 7.2.2. In a classical definition for a prequantum bundle, α is a connection 1-form,
which has an additional requirement that αpV q “ 1 where V is the generator of the rotation
action. In general, every compact symplectic manifold pΣ, βq admits a principal circle bundle
pQ,αq with a connection 1-form α satisfying dα “ π˚β upon a rescaling of β so that
β{2π P H2pΣ,Zq [BW58, Theorem 3] [Kob63, Proposition 9].
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7.2. Area of a spherical polygon

Proposition 7.2.3 (Lifted Green’s theorem). Let π : pQ,αq Ñ pΣ, βq be a prequantum

bundle. For each surface S : D2 Ñ Σ consider an arbitrary lift rS : D2 Ñ Q, π ˝ rS “ S. Thenĳ

S

β “

¿

B rS

α.

Proof.
ű

B rS α “
ť

rS dα “
ť

rS π
˚β “

ť
π˝rS β “

ť
S
β.

The lifted Green’s theorem enables line integral formula for the area of a spherical curve.
Suppose we have a prequantum bundle π : pQ,αq Ñ pS2, σq over the sphere S

2. For each
closed curve CΓ on S

2, construct an arbitrary lift rCΓ : S1 Ñ Q, π ˝ rCΓ “ CΓ. Then

AreapΓq “

¿

ĂCΓ

α mod 4π.

Remark 7.2.4. While all the examples we provide in this chapter are prequantum bundles,
for Proposition 7.2.3 we only need any smooth map π : Q Ñ Σ and α P Ω1pQq that satisfies
dα “ π˚β and has a general liftability of a topological disk S to rS. In particular, we do not
need π to be a circle bundle or α to be equivariant.

7.2.2 The Hopf fibration

The Hopf fibration π : S3 Ñ S
2 is a prequntum bundle over S

2. We provide its explicit
expressions in the quaternion coordinate H “ tx i `y j `zk `w | px, y, z, wq P R

4u. Using the
quaternion coordiantes q : S3

ãÑ H – R
4 and p : S2

ãÑ ImH – R
3, Hopf’s bundle projection

is given by

π : S3 Ñ S
2, πpqq :“ q iq. (7.2.2)

Note that π is a principal circle bundle with action ◁ : S1 ˆ S
3 Ñ S

3, p◁e´iθqq :“ qe´iθ. For
q and q1 :“ qe´iθ on a same fiber, we write argpq1qq “ θ.

The 1-form α P Ω1pS3q for the prequantization is expressed as

α “ 2 Repiqdqq “ ´2 Repdqq iq “ 2 Repdq iqq “ ´2 Repq idqq. (7.2.3)

The 1-form α{2 is a connection form as it is equivariant under S1 actions: p◁eiθq˚α “ α and
1
2
αp d

dθ
|θ“0p◁e´iθqqq “ 1.

Proposition 7.2.5. The 1-form α P Ω1pS3q defined in (7.2.3) and the map π : S3 Ñ S
2

defined in (7.2.2) satisfy dα “ π˚σ, where σ P Ω2pS2q is the standard area form on the unit
sphere. That is, pS3, αq is a prequantum bundle over pS2, σq.

This result is known ([BZ06], [CKP`16, Theorem 1]), but we give a proof for completeness
in the appendix of this chapter (Section 7.6).

With this setting, Proposition 7.2.3 is now written more concretely for a spherical polygon:

Corollary 7.2.6. The area AreapΓq of a spherical polygon Γ “ tpiui can be evaluated by a
line integral

AreapΓq “
ÿ

i

ż

ĂCΓprti,ti`1sq
α mod 4π (7.2.4)

where α is given by (7.2.3) and rCΓ is an arbitrary lift rCΓ : S1 Ñ S
3 of the polygon curve

CΓ “ π ˝ rCΓ : S1 Ñ S
2 with CΓptiq “ pi for each i.
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7. Area formula for spherical polygons via prequantization

7.3 The area formula via the Hopf fibration

In this section, we obtain an explicit formula by evaluating each piece of the line integral in
(7.2.4) along a great circular arc lifted onto S

3. We first define dihedral for a pair of spherical
points.

Definition 7.3.1. For each p, p1 P S
2, p ‰ ´p1, define

Dihedralpp, p1q :“

c
1 ` xp, p1y

2
`

p ˆ p1
a

2 ` 2xp, p1y
P S

3 Ă H.

which is the unit quaternion that represents the minimal rotation that rotates p to p1 i.e.
rpr “ p1, r “ Dihedralpp, p1q.

There is a unique (unnormalized) rotation axis v P T1S
3p“ ImHq for the minimal rotation

for non-antipodal p, p1 P S
2. This axis v is parallel to p ˆ p1 and Dihedralpp, p1q “ e

v
2 by the

exponential map on S
3. We also note that any q P π´1p, the point Dihedralpp, p1qq is on

π´1p1.

We will see that each summand in (7.2.4) can be explicitly expressed in terms of the dihedral
after recognizing how the dihedral represents the horizontal lift over a great circular arc.

Proposition 7.3.2 (Horizontal lift on pS3, αq). Consider the Hopf fibration π : pS3, αq Ñ
pS2, σq described in Section 7.2.2. Let p0, p1 be two arbitrary non-antipodal points on S

2, let
γ : r0, 1s Ñ S

2 be the great circular arc joining p0 and p1, and let v P T1S
3 be the imaginary

quaternion such that e
v
2 “ Dihedralpp0, p1q. Then for each given point q P π´1p0, the

horizontal lift γ̃H of γ with γ̃Hp0q “ q is given by

γ̃Hptq “ e
vt
2 q.

Proof. It follows from γptq “ e
vt
2 p0e

´ vt
2 that γ̃H is a lift over γ with respect to π. We now

show that γ̃H is horizontal. At each q P S
3, the tangent space and the horizontal subspace with

respect to the connection 1-form α{2 are TqS3 “ Spanpq i, q j, qkq and HqS
3 “ Spanpq j, qkq

respectively. We have for each t that

d

dt
γ̃Hptq “

1

2
e

vt
2 vq.

Here we note that the conjugation h ÞÑ qhq̄ is an isometry in ImpHq, from which it follows
that v P qpHqS

3qq̄ as

0 “ xv, py “ xqpq̄vqqq̄, q i q̄y.

Therefore, e
vt
2 vq is horizontal.

Lemma 7.3.3. Assume π : pS3, αq Ñ pS2, σq, p0, p1 P S
2, and γ : r0, 1s Ñ S

2 as in Propo-
sition 7.3.2. Then for any lift γ̃ : r0, 1s Ñ S

3 of γ, the line integral
ş
γ̃
α is explicitly given

by
ż

γ̃

α “ 2 arg
`
q1 Dihedralpp0, p1qq0

˘
,

where q0 :“ γ̃p0q, q1 :“ γ̃p1q.
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7.3. The area formula via the Hopf fibration

Proof. Proposition 7.3.2 asserts that q0 P π´1p0 and qH :“ Dihedralpp0, p1qq0 P π´1p1 are
connected by the unique horizontal lift γ̃H . Let us consider a parametric surface ∆ Ă S

3 given
by

∆ :“
␣
γ̃Hptqeiθ P S

3
ˇ̌
t P r0, 1s, θ P r0, θts

(
,

where θt for each t is the angular difference θt :“ arg
´
γ̃ptqγ̃Hptqq

¯
. We first obtain that

ż

B∆

α “

ż

∆

dα “

ż

∆

π˚σ “ 0,

as πp∆q “ γpr0, 1sq.

Note that the boundary B∆ is a closed path consisting of three segments: (I). the lifted path
γ̃ from q0 to q1; (II). the vertical path tq1e

iθ | θ P r0, θ1su from q1 to qH ; (III). the horizontal
lift γ̃H from qH to q0. Since the integral of α along the third path makes no contribution, we
have

ż

γ̃

α “ ´

ż

tq1eiθ | θPr0,θ1su
α “

ż

tq1e´iθ | θPr´θ1,0su
α “

ż 0

´θ1

α

ˆ
d

dθ
p◁e´iθqq1

̇
dθ

“

ż 0

´θ1

2dθ “ 2 arg pq1qHq ,

which concludes the proof.

As a direct result of Corollary 7.2.6 and Lemma 7.3.3, we obtain our main theorem:

Theorem 7.3.4 (Area formula via the Hopf fibration). Let Γ “ pp0, . . . , pn´1q, pi P S
2, i P Zn,

be a spherical polygon. For each i P Zn, pick an arbitrary lift qi P S
3 i.e. πpqiq “ pi. Then,

AreapΓq “ 2
n´1ÿ

i“0

arg
`
qi`1 Dihedralppi, pi`1qqi

˘
mod 4π. (7.3.1)

The formula requires an arbitrary lift qi P S
3 of the vertex positions pi P S

2 for i P Zn. An
example is

qi “

#
Dihedralpi, piq, xpi, iy ě 0,

Dihedralp´ i, piqj, xpi, iy ă 0,
(7.3.2)

which is uniquely defined globally.

As a special case of Theorem 7.3.4, choosing the horizontal lift results in no contribution of α
except for the endpoint of the polygon.

Corollary 7.3.5 (Area formula by the horizontal lift ). Let q0 be a point in the fiber π´1p0

and let us inductively define qi`1 :“ Dihedralppi, pi`1qqi for i “ 0, . . . , n ´ 1. Then we have

AreapΓq “ 2 argpq0qnq.

At the end of the section, we make a remark regarding the numerical stability of the formula
(7.3.1).
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7. Area formula for spherical polygons via prequantization

Remark 7.3.6. The branching discontinuities in the “arg” function in (7.3.1) and the “if”
statement in (7.3.2) are smooth in the mod-4π arithmetic of (7.3.1). The only calculation
that can be numerically unstable is the evaluation of the Dihedral function when the two
arguments are close to antipodal. This antipodal dihedral evaluation is avoided by the choice
(7.3.2). The entire evaluation of our area formula (7.3.1) with (7.3.2) is numerically stable as
long as we do not have antipodal edges where xpi, pi`1y « ´1, which is easily preventable by
inserting a midpoint to any close-to-antipodal edge.

7.4 Derivation of the classical formula by SOp3q as a

prequantum bundle

The Hopf fibration structure can also be seen in the group SOp3q of 3D rotations. In fact,
the classical formula (7.1.1) can be interpreted as a special case of the lifted Green’s theorem
on SOp3q using a specific lift not as numerically stable as our formula (Theorem 7.3.4) using
either the lift (7.3.2) or the horizontal lift (Corollary 7.3.5). We see that SOp3q as the unit
tangent bundle over S2 is also a prequantum bundle with a specific connection form. As S

3 is
a double cover of SOp3q, the Hopf fibration π : S3 Ñ S

2 has a decomposition π “ π2 ˝ π1

given by,

π1 : S3 Ñ SOp3q

q ÞÑ pq i q̄, q j q̄, qk q̄q,

and

π2 : SOp3q Ñ S
2 (7.4.1)

pp1, p2, p3q ÞÑ p1,

where each element of SOp3q is represented by three column vectors.

The tangent space TP SOp3q at each P P SOp3q is dLP sop3q “
␣
PW |W T “ ´W

(
. We

identify each W “
´

0 ´ω3 ω2

ω3 0 ´ω1

´ω2 ω1 0

¯
P sop3q with ω “ pω1, ω2, ω3q P R

3. We define a 1-form η

by

η|P pPW q :“ ´ω1. (7.4.2)

Then pπ2, ηq is a principal circle bundle with S
1 action ◁ : S1 ˆSOp3q Ñ SOp3q, by p◁eiθqP “

P
´

1 0 0
0 cos θ ´ sin θ
0 sin θ cos θ

¯
.

Proposition 7.4.1. The 1-form η P Ω1pSOp3qq defined in (7.4.2) and the map π2 : SOp3q
Ñ S

2 defined in (7.4.1) satisfy dη “ π˚
2σ, where σ P Ω2pS2q is the standard area form on the

unit sphere. That is, pSOp3q, ηq is a prequantum bundle over pS2, σq.

We give a proof in the appendix of this chapter (Section 7.6). To recover the classical formula
via π2 : pSOp3q, ηq Ñ pS2, σq, we define a lift as follows. We take for each pi the forward
velocity from pi to pi`1 on S

2. It is given at pi “: γptiq by

vppiq :“ lim
hÑ`0

γpti ` hq ´ γptiq

h
P Tpi

S
2,
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which is a positive multiple of ´pi ˆ ppi ˆ pi`1q. Then

γ̃ptiq :“

ˆ
pi,

vppiq

|vppiq|
, pi ˆ

vppiq

|vppiq|

̇

defines a lift γ̃ : S1 Ñ SOp3q of γ. For γ̃, we have
ż

γ̃

η “ ´
ÿ

i

ϑi (7.4.3)

with the exterior angles ϑi given in (7.1.2). One has to be cautious when drawing conclusion
from (7.4.3) about the area formula using Proposition 7.2.3. In fact, AreapΓq “ 2π `

ş
γ̃
η “

2π ´
ř
i ϑi noting the extra term of 2π (cf. (7.1.1)). This is because γ̃ is a non-contractible

loop in SOp3q which is not the boundary of a disk. To obtain the classical formula (7.1.1), lift
γ̃ : S1 Ñ SOp3q to γ̂ : S1 Ñ S

3 by the universal cover π1 : S3 Ñ SOp3q. Note that α “ π˚
1η,

and that γ̂p0q “ γ̂p2πq and limtÕ2π γ̂ptq has an angle difference of π in the fiber π´1pγp0qq.

The classical formula has a variant that locates a pole Z P S
2 and sums up the signed area of

triangles ppi, pi`1, Zq. This formula is given as,

AreapΓq “
ÿ

i

sign pdetppi, pi`1, Zqq UnsignedAreappi, pi`1, Zq, (7.4.4)

where the unsigned area of each spherical triangle px0, x1, x2q is computed as,

UnsignedAreapx0, x1, x2q “ ´π `
ÿ

iPZ3

arccos

ˆ
xi´1 ˆ xi

|xi´1 ˆ xi|
¨
xi ˆ xi`1

|xi ˆ xi`1|

̇
.

This formula can also be recovered by the Hopf fibration. Setting the lift qi :“ DihedralpZ, piq
for each pi, we obtain (7.4.4). Numerically, this formula is unstable if any of the vertices
is close to Z or ´Z, which is explained by the numerical sensitivity of DihedralpZ, piq and
piˆZ

}piˆZ} .

7.5 Numerical examples

In this section, we present numerical examples of area computation for spherical polygons
using our formula (7.3.1). Moreover, we demonstrate how this formula can also be utilized to
determine the total torsion of a space curve, which differs from 2π exactly by the enclosed
area of the spherical curve traced out by the tangents of the curve. By comparing the results
obtained using both our formula and the classical formula (7.1.1), we show that our formula
produces consistent and converging solutions, even for singular curves. This improved numerical
robustness allows for more accurate measurements of spherical areas and total torsion.

We employ the horizontal lift approach (Corollary 7.3.5) for computation in all of our examples.
For a given closed spherical curve γ : r0, 2πq Ñ S

2, we use a uniform division tti :“ 2πi
n

un´1
i“0

of the interval r0, 2πq to specify the vertices tγptiqun´1
i“0 with some positive integer n. This

process turns the spherical curve into a spherical polygon.

7.5.1 Spherical cardioid

We compute the area of a spherical curve γ given by the stereographic projection image
γ “ P ˝γR2 of a planar cardioid γR2 (Figure 7.3). Explicitly, the planar cardioid is parametrically
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7. Area formula for spherical polygons via prequantization

given by

γR2ptq “ p2p1 ´ cosptqq cosptq, 2p1 ´ cosptqq sinptqq ,

and the stereographic projection from the plane to the sphere is

P : px, yq ÞÑ
1

x2 ` y2 ` 1
p2x, 2y, x2 ` y2 ´ 1q.

We compute the area with various numbers n of vertices using our formula and the classical
formula (7.1.1,7.1.2). Figure 7.4 (left) shows their numerical results. Note that this spherical
cardioid has a cusp, i.e. Btγ changes sign at t “ 0. As the polygon refines (n Ñ 8), the edge
lengths adjacent to γpt0q decrease to zero superlinearly, and γptn´1qˆγpt0q

|γptn´1qˆγpt0q| ¨ γpt0qˆγpt1q
|γpt0qˆγpt1q| Ñ ´1.

These conditions make the classical formula numerically unstable as observed in Figure 7.4,
left. In contrast, our formula is numerically stable despite the presence of the cusp.

Figure 7.3: Cardioid (left) stereographically projected on the sphere (right).
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Figure 7.4: Numerical values of the signed areas of spherical curves discretized into spherical
polygons with increasing number of vertices, computed using the classical formula (Gauss–
Bonnet) and our formula (Hopf). Both formulae give consistent values when the number
of vertices is small, but the classical formula becomes unstable as the number of vertices
increases. Left: The area enclosed by a spherical cardioid (Section 7.5.1). Right: The total
torsion p2π ´ Areapγ1qq of a non-Frenet space curve (Section 7.5.3).

7.5.2 Total torsions of space curves

Our next examples are about total torsions of closed space curves. For a space curve
γ : S1 Ñ R

3, the total torsion [PG24, Ch. 1 Sec. 5.1] (equivalently, the total writhe up to a
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7.5. Numerical examples

Figure 7.5: Figure-eight knot (left) and its unit velocity map (right).

Figure 7.6: Trefoil (left) and its unit velocity map (right).

minus sign and a multiple of 2π) can be evaluated as,

Torsionpγq “ 2π ´ Areapγ1q mod 2π, (7.5.1)

where Areapγ1q is the signed area of the unit velocity map given by γ1 “ Btγ{|Btγ|. This
notion of total torsion also works for a space polygon tγptiqui. For a space polygon, the unit
velocity γ1 is given by the normalized edge vector

γ1ptiq “
γpti`1q ´ γptiq

|γpti`1q ´ γptiq|
,

which forms a spherical polygon, whose signed area can be evaluated by our formula. We
compute the total torsions of the figure-eight knot (Figure 7.5)

γptq “ pp2 ` cosp2tqq cosp3tq, p2 ` cosp2tqq sinp3tq, sinp4tqq ,

and the trefoil knot (Figure 7.6),

γptq “ psinptq ` 2 sinp2tq, cosptq ´ 2 cosp2tq,´ sinp3tqq .

With sufficiently many vertices, our results converge to numbers that agree with the results in
a previous study [NVR21]: ´0.5423 of the figure-eight knot and 2.2250 of the trefoil.

7.5.3 Total torsion of a non-Frenet curve

In this example we compute the total torsion of a regular closed space curve with a singular
(infinitely oscillatory) Frenet–Serret frame. Note that the mod-2π total torsion (7.5.1) and
the writhe only require the curve to be regular i.e., Btγptq ‰ 0. In particular, the curve
does not need to possess a regular Frenet torsion. A smooth regular curve without a regular
Frenet–Serret frame is called a non-Frenet curve (See [PG24, Ch. 1 Sec. 5.6] for a detailed
discussion). Consider the following example of a smooth non-Frenet closed space curve

γpt1q “
1

e´2t12 ` t12

´
e´t12 cos

´
et

1
¯
, e´t12 sin

´
et

1
¯
, t1
¯
,
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7. Area formula for spherical polygons via prequantization

where t1 P r´8,8q is a reparametrization of t P r0, 2πq by t1 “ tan
`
t´π

2

˘
. The spherical

curve γ1 traced out by the unit velocity displays an exponential spiral about t “ π with an
infinite turning number and an unbounded geodesic curvature (Figure 7.7). Note that the
total Frenet torsion of γ is the total turning angle of the spherical curve γ1, which is divergent.
Despite the divergence of the total Frenet torsion, the mod-2π torsion is well-defined since
the area enclosed by γ1 is bounded.

Figure 7.7: A curve with a spiral Frenet-Serre frame (left), its unit velocity map (middle), and
the close-up view of the spiral (right).

In this example, it is crucial to avoid the classical angle–based formula (7.1.1 7.1.2) for
evaluating Areapγ1q due to the divergent turning angle in γ1. In fact, evaluating the total
torsion using the classical formula is equivalent to sampling and summing the Frenet torsion
(exterior angle of the spherical polygon γ1). The process produces a result that diverges as
the number of sample points n Ñ 8 (Figure 7.4, right). In contrast, our formula (7.3.1) is
able to robustly evaluate the total torsion of this non-Frenet curve.

7.5.4 Area of a region on the earth

Figure 7.8: Austria plotted
on the sphere.

The next example applies to geography. We compute an ap-
proximate area of Austria using the data from the Database of
Global Administrative Areas (GADM) [are12]. The data contains
a sequence of latitudes and longitudes (Figure 7.8) forming a
spherical polygon. We treat the earth as a round sphere while
acknowledging that we neglect its slight ellipsoidal figure and
terrains.

The solid angle value we computed via our formula was
2.06206 ˆ 10´3 on the unit sphere. By multiplying the square
of the arithmetic mean radius R :“ p2RE `RP q{3 « 6, 371 km

[Mor00], where RE, RP are the equatorial and polar radii, we
obtain 83, 882 km2, which is a descent approximation of the official area 83, 871 km2 with
0.013% relative error.

7.5.5 Solid angle fields and Seifert surfaces

Our last example demonstrates the construction of the solid angle fields of given space curves
(Section 7.1). We consider three rectangular loops linked into the topological configuration
of Borromean rings (Figure 7.9). Let γ̃ :

Ů3
S

1 Ñ R
3 denote this triplet of space polygons.

For each point x P R
3zγ̃, we let Ωpxq be half the solid angle subtended by γ̃ at x. Explicitly,

consider the spherical curves γx :
Ů3

S
1 Ñ S

2 given by projecting γ̃ on the unit sphere centered
at x:

γxpsq :“
γ̃psq ´ x

|γ̃psq ´ x|
, s P

Ů3
S

1.
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7.6. Appendix: Prequantum bundles S
3 and SOp3q over S2

Figure 7.9: The solid angle field of the Borromean rings visualized on the z “ 0 plane (left)
where each color corresponds to a value in S

1. A levelset of the solid angle field in R
3 is a

Seifert surface (right).

The solid angle field Ω: R3zγ̃ Ñ R{p2πZq is defined by

Ωpxq :“
1

2
Areapγxq.

Note that the projected spherical curve γx is degenerate for x on any extended tangent
line of γ̃. Despite this unavoidable degeneracy, our formula robustly handle the solid angle
computation for all x (Figure 7.9, left). By extracting a levelset of the solid angle field, we
construct a smooth Seifert surface (Figure 7.9, right).

Concluding remark and outlook

In this chapter, we derived area formulae using Green’s theorem on prequantum bundles S3 and
SOp3q over S2. These formulae avoid relying on angle calculation, unlike the classical formula
that fails on degenerate cases. As the prequantum version of Green’s theorem is available
for any compact symplectic manifold (Remrak 7.2.2), one may investigate area formulae or
integral of symplectic form of polygons in other manifolds.

For example, in quantum information; the complex projective space CP
2n´1 is regarded as the

space of possible states of n-qubits [BZ06] and a closed path is a periodic orbit. We hope
that finding an explicit expression of its enclosed area (geometric phase) may lead to practical
applications in quantum computation.

7.6 Appendix: Prequantum bundles S
3 and SOp3q over S

2

Proof of Proposition 7.2.5. In terms of the quaternion coordinate, the area form of S
2 is

written as

σ “ ´
1

2
Repp Impdp ^ dpqq.
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7. Area formula for spherical polygons via prequantization

On the other hand, the differential of π “ q iq is dπ “ dq iq ` q idq. Hence, the pullback area
form is computed as

π˚σ “ ´
1

2
Repπ Impdπ ^ dπqq “ ´

1

2
Repq iq Impdπ ^ dπqq

“ ´
1

2
Repiq Impdπ ^ dπqqq “ ´

1

2
Repi Impqdπ ^ dπqqq

“ ´
1

2
Re pi Imppqdq iq ` idqq ^ pdq i ` q idqqqqq

“ ´
1

2
Repiqdq i ^ qdq i ` idq ^ dq ´ idq ^ dq ´ dqq i ^ dqqq,

which agrees with

dα “ ´2 Repdq ^ idqq.

Here, we have applied dqq “ d|q|2 ´ qdq “ ´qdq, which holds on S
3 where |q|2 “ 1.

Proof of Proposition 7.4.1. Let V,W P sop3q, and ω “ pω1, ω2, ω3q, ν “ pν1, ν2, ν3q be their
coefficients with respect to the standard basis of sop3q as in Section 7.4. For PV, PW P
TP SOp3q on each P P SOp3q, we have,

dη|P pPV, PW q “ ´η|P prPV, PW sq “ ´η|IprV,W sq “ ν2ω3 ´ ω2ν3,

due to the left-invariance of the vector fields PV, PW under SOp3q. Here r¨, ¨s denotes
the Lie bracket. Now we compute π˚

2σ. Let us write W,V and P column-wise as W “
pw1w2w3q, V “ pv1v2v3q, and P “ pp1p2p3q. We have,

π˚
2σ|P pPV, PW q “ σ|p1

pdπ2pPV q, dπ2pPW qq “ σ|p1
pPv1, Pw1q

“ σ|ipv1, w1q “ dy ^ dzpv1, w1q “ ν2ω3 ´ ω2ν3,

where we used the invariance of σ under SOp3q and the expression of σ using the Cartesian
coordinates.
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CHAPTER 8
Postface: Mathematics, physics, and

computer graphics

All models are wrong, but some are useful.

— George E. P. Box

This is a personal essay, almost entirely unrelated to the main contents of this thesis. It might
be more like a piece of prose, collecting unorganized thoughts.

The beginning of my PhD was when I finished my master’s study in mathematics with poor
grades and no chance of continuing to a PhD. So, it actually didn’t begin. Then I spent some
time working in the optics and game industries. Around that time, I came across the field of
computer graphics. After some time, I started a PhD and now complete it, with research in
the union of mathematics, physics, and computer graphics.

Through this journey, I’ve got some thoughts about mathematics, physics, and computer
graphics. I’d like to leave some of them here. My path had some twists, but looking back, I
think my aim has always been to express how I see nature and the world in a mathematical
way. In this regard, I’ve been looking at math and CG through their connection to physics.
Additionally, math and CG are often regarded as opposites, like the “pure” and “applied” ends
of science, but I think they actually share a lot in common. I’d like to write a bit about some
aspects that I think math and CG share.

No rigid definitions First, when it comes to what mathematics and computer graphics
actually are, I think there are no rigid definitions, perhaps even more so than many other fields.
I’ll briefly describe my view of modern computer graphics, because outside of this field, people
often have little idea of what this can be. I probably wouldn’t have known it too without doing
research in graphics. Modern graphics is a much broader field than many people imagine. It’s
not just about creating gorgeous imageries that appear in movies of Pixar or Disney, although
it is an important part.

For instance, research of fluids, like water and smoke, in graphics can involve many directions
and tastes. It is probably easy to imagine that improving numerical methods for existing
fluid equations, like the Navier–Stokes equation, can be a research topic. But that’s not all
there is to it. [YNW`23, ZYC25] pointed out that the existing formulation of the Navier-
Stokes equations in terms of fluid vorticity was incorrect, and derived the correct formulation
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8. Postface: Mathematics, physics, and computer graphics

that aligns with the velocity-based formulation. As a consequence, they found closed-form
expressions for non-stationary solutions of fluids. Another valid direction is proposing new
equations of motion for physical phenomena. For instance, I geometrically formulated the
dynamics of soap bubbles and films [IYAH17]. Many people would probably view these types
of work as mathematics or physics. But in fact, they can stand as computer graphics work.
Basically, if a paper involves either computer or graphics in some way, it can be a computer
graphics work. In my opinion, even that condition isn’t strictly necessary. 1

Similarly, “mathematics” is just a vague and undefined jargon. For me mathematics isn’t really
a field, but rather an activity or a practice. It sets up axioms then deduces what can happen
within them through logic. It also involves describing vaguely perceived concepts in a language
that everyone understands in a unique way, or developing that universal language, like Newton
and Leibniz introduced differentiation, a language which describes infinitesimal changes of
quantities. I think all these activities together are what is called mathematics. Therefore,
mathematics appears in many works that aren’t “mathematics” papers. A mathematics paper
is just one in which the claimed main contribution is this activity itself. In the first place,
whether a piece of work counts as a “math” paper or not may hardly matter mathematically. 2

Lenses for physics Since ancient times, physics research has been conducted by observing
natural phenomena, making hypotheses to explain them, and verifying them through experi-
ments. Much of modern physics research is, however, less intuitive to me as it often requires
interpreting or reasoning the numbers obtained in experiments. In the old physics, on the
other hand, the results of experiments were more direct and clearer. For example, Michael
Faraday actually saw his discovery when a coil was rotated by the invisible magnetic field
provoked by an electric field. For me, physics simulation in CG can bring back this intuitive
aspect of physics research, allowing us to visually see the results of experiments based on the
theoretical models we build.

But unfortunately, it seems to me that the recent CG industry is getting trapped by the curse of
“realistic” or “physically-based”. Here “physically-based” just means, deriving from or combining
existing physics equations. Creating new equations out of nowhere, based on observing natural
phenomena, is “not physically accurate”. Yet that is precisely what physics is about—observing
nature and extracting its simple essence. 3 I feel like the papers by Newton or Faraday, who
modeled natural phenomena as principles via observation rather than deriving from existing
equations, would likely be rejected in today’s CG venues as “physically unplausible”. Being

1In practice, however, as of 2025, papers in computer graphics journals seem to me largely limited to work
that presents a method achieving or solving something. It seems very difficult to publish a paper about pure
discoveries that are common in other fields—like finding a new species, observing or predicting interesting
physical phenomena (like black holes) through theory, numerical simulations, or physical experiments, or
proving a particular underlying law. In the current graphics venues, remarks or proofs are often considered
something that should be pushed to appendices rather than the primary contribution. Still, it seems (and
I hope) that gradually more people are recognizing such discoveries or interpretations themselves as valid
contributions.

2In the past, such categories as “mathematics” or “physics” were quite vague, and there were no jargons
like “pure math” or “applied math”. Everything was more mixed, and today’s standard mathematical rigor was
not required, depending on the type of work. So one could be more free in what one can publish as a math
work—not only rigorous proofs of statements, but also new concepts without rigorous analysis. Many papers
by Poincaré, who introduced what is now called topology, did not meet today’s standard rigor, and so they
likely wouldn’t have places in today’s “mathematics” papers. I find this narrowing of math sad.

3For example, this sand model paper [NO93] practices this spirit and was accepted in Physical Review
Letters, a top journal in physics.
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caught by “physically-based” or “realistic” attitudes appears to me, ironically, the opposite of
physical science.

Okay, let’s get back on track. Like CG is a modern experimental ground for physics, mathe-
matics is a sandbox for physics too. Creating and validating physical models, and deducing
phenomena from them, works the same way. It’s just a matter of whether the experiments
are theoretical or numerical involving visualization. For example, Einstein tried to validate his
theory of gravity by calculating the precession of Mercury’s perihelion. I think such a work
should fit as a graphics paper today.

No need to stay in the real world In both computer graphics and mathematics, we do not
have to be bounded by the laws or phenomena of real-world physics. In game development, for
instance, physics can be designed for the sake of entertainment, without following real-world
mechanics. Likewise, mathematics allows one to freely explore imaginary objects. So both
fields offer the freedom to create and explore fascinating phenomena within fictional worlds
governed by their own rules. 4

Do not have to be science or technology. Can be just art CG and math don’t even
have to be science or technology. They can be just art. In a sense, one could even say that
they are arts of fake.

Obviously, computer graphics is an effort for making fake imagery that mimics reality. Mathe-
matics can also be seen as a form of fake physics. Mathematical results are considered very
rigorous, but they are so only mathematically. They may not be rigorous at all in different
senses.

Many mathematical models start from drastic simplifications and approximations of physical
phenomena, yet humans often do not even know to what extent they are justified. They also
begin with presumed principles like Newton’s laws, or with hypothetical setups to make them
tractable within mathematical frameworks, like elementary particles, Hilbert spaces, or the
concept of continuum. But actual natural phenomena do not respect these artificial setups.

The quote by George E. P. Box at the opening of this essay — “All models are wrong, but
some are useful” — was originally about statistical models, but I feel it applies to many
sciences including physics.

And I think this is okay. Models are wrong by definition. They aren’t nature itself. They are,
like elementary particles for instance, just theoretical accounts that try to explain a class of
(but not all) observations seemingly without contradiction. They are never truth, but they are
the only and best we can do to interpret how the world looks and behaves.

Different people see the world in different ways. One can start from — how I see this world —
as their own principle and express that view through (fake) arts of science like mathematics
and computer graphics.

I hope modern mathematics and computer graphics are and remain grounds that accommodate
and celebrate such diversity of perspectives.

A side note: A personal note on my journey Here is a brief note on how I came to have
these views.

4Just as mentioned above, such freedom seems to have been slipping away as the community gets caught
up in “realistic” or “physically-accurate”. It’s a shame that CG is throwing away its virtue.
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During my master’s studies, I wanted to do research in mathematics and I had some vague
ideas. But I had no clue how to start concretely or what I should learn for this. I think I was
preoccupied with mathematical expressions and formulas, and following the correctness of
logic, like many math students feel they are forced to do so. And like many other students
again, I was not able to develop an intuitive understanding of what these concepts are. For
instance, I didn’t even realize that the Fourier transform are waves. Even though I said I liked
mathematics, I guess I had lost sight of how I liked it.

After finishing my master’s degree and before starting my PhD, I spent some time in the optics
and game industry. There, I learned what mathematical concepts intuitively are, how they
look, and how they affect the real world—for example, how the Fourier transform influences
pictures seen through a camera lens.

Then, I came across research in computer graphics, in which I could visually perceive how the
mathematics I design affects the motion and shapes of objects, and how it builds the laws
of a (real and imaginary) world. Through this process, mathematics came to life inside me.
Observing motions and shapes of physical phenomena in CG research also brought me many
questions that I wanted to investigate. CG turned out not to be just a place to apply fancy
mathematics, but a source of mathematical questions and it made me love mathematics again.

Hopefully, this journey goes on, but I wanted to record these thoughts and feelings of mine, at
this moment.
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